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CN . Abstract 

Q I We study Banach C-algebras, i.e., complete ultra-pseudo-normed algebras 

■ over the ring C of Colombeau generalized complex numbers. We develop a 
spectral theory in such algebras. We show by explicit examples that important 
parts of classical Banach algebra theory do not hold for general Banach C- 
algebras and indicate a particular class of Banach C-algebras that overcomes 

. these limitations to a large extent. We also investigate C* -algebras over C. 
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S: 

1 Introduction 

I ■ 

> ' 

^ ■ Over the past thirty years, nonlinear theories of generalized functions have been devel- 

■ oped by many authors [HIlllIIZ] mainly inspired by the work of J. F. Colombeau [5l[6]. 
^ They have proved to be a valuable tool for treating partial differential equations with 

singular data or coefficients 0, [121 [131 [IE] • In recent research on the subject, a variety 
of algebras of generalized functions have been introduced in addition to the original 
construction by Colombeau, culminating in the definition of the Colombeau space Qe 
constructed on an arbitrary locally convex topological vector space E (see and the 
references therein). These spaces carry a natural structure as modules or algebras over 
the ring C of generalized complex numbers. In particular, if E' is a Banach algebra, 
5^ \ then Qe turns out to be a Banach C-algebra, i.e., a complete ultra-pseudo-normed C- 

algebra. Thus several classes of generalized functions and generalized linear operators 
carry the structure of a Banach C-algebra. 

This paper is devoted to the study of Banach C-algebras and Colombeau C*-algebras 
(i.e., the analogues of C*-algebras over C) and their spectral theory. In order to ensure 
some of the most basic properties of the spectrum of an element of such an algebra, 
such as the facts that spectrum is bounded and that the spectrum of is {0}, the 
spectrum is not defined as the complement of the resolvent set, but by means of a 
slightly more restrictive property (definition 14. 1^ theorem I4.12p . This also allows for 
analogues of the classical interpretations of the spectrum in the algebra of continuous 
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functions on a compact set and in matrix algebras (propositions 14.4 1 and 14.91) . 
Although restrictive versions of the Gelfand-Mazur theorem ( §4.2p and the spectral 
mapping theorem ( §4.3p hold for general Banach C-algebras, the strength of the clas- 
sical results is not reached, and we give explicit counterexamples, showing, e.g., that 
the spectrum of an element can be empty (example 17.11) . Since most of the algebras 
of generalized functions and operators arise as subalgebras of Qb, where B is an alge- 
bra over C, we restrict our attention to such algebras. Still, e.g., the spectrum of a 
self-adjoint element in a Colombeau C*-subalgebra of (with B a C*-algebra) can 
contain nonreal generalized numbers (example 17. 2p . 

This leads us to consider a particular class of Banach C-algebras and Colombeau C*- 
algebras, called strictly internal algebras (and more generally, algebras obtained by 
set-theoretic constructions on strictly internal algebras), in which a large part of the 
classical Banach algebra theory holds true. E.g., we obtain a stronger version of the 
spectral mapping theorem (theorem I9.12p . a spectral radius formula (theorem 19.181 
using the theory of generalized holomorphic functions), conditions under which the 
spectrum of an element does not depend on the algebra to which the element belongs 
(proposition 19. 231 and theorem llO.Sp and an analogue of the Gelfand-Neumark theorem 
( pr op osit ion 1 1 . 2Til . By means of the example Qc'(x) of sharply continuous generalized 
functions on a compact metric space X (^, we indicate that this class of Banach 
C-algebras contains algebras that arise naturally in the study of nonlinear generalized 
functions. 

2 Preliminaries 

In a topological space X , K GG X means that is a compact subset of X. The 
topological closure of A C X is denoted by A, the topological interior by A°. We 
denote by C{X) the ring of continuous C- valued functions on X. We denote M.'^ : = 
{x e M : X > 0}. 

2.1 Algebras 

In this paper, a C-algebra will always be an associative algebra over C with 1. Com- 
mutativity is not assumed, unless explicitly stated. 

Let ^ be a C-algebra. By an ideal, we mean a two-sided ideal; otherwise, the adjective 
'one-sided' (or 'left', resp. 'right') will be added. We write J < ^ iff J is a proper ideal 
of A (i.e., an ideal different from A itself). A not necessarily proper ideal is denoted 
hj I < A. By an inverse of u E A, we mean a two-sided inverse, i.e., v E A such 
that uv = vu = 1; in that case, u is called invertible and we denote v = m"^ (which is 
uniquely determined). 

A is called faithful iff for each A G C \ {0}, Al 7^ in A. More generally, a C-module 

Q is faithful iff for each A G C \ {0}, there exists u E Q such that Am 7^ 0. 

In a faithful C-algebra, we identify the subring {Al : A G C} with C. 

We denote by Hom(^, C) the set of all C-algebra morphisms ^ ^ C preserving 1, i.e., 

the set of all surjective multiplicative C-linear functionals on A. 
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2.2 Generalized function algebras, generalized numbers 

Let E he a. normed vector space over C. Then the Colombeau space Qe '■= ■Me/'/^e 
[7j, where 

Me = {{us)s G E^^'^^ : (3iV G N)(||m,|| < , for small e)} 
Me = {{ue)s e E^^'^^ : (Vm G N)(||m,|| < e™, for small e)}. 

Elements of Me are called moderate, elements of JVe negligible. The element of Qe 
with {us)e as a representative is denoted by [(Me)^]. M := and C := Qc are the 
so-called Colombeau generalized numbers. With the componentwise operations, Qe 
a C- module. If ii^ is a normed C- algebra, Qe is a C- algebra with the componentwise 
multiplication. 

Let S C (0, 1). Then es '■= [(xs'(^))e] ^ where xs is the characteristic function on 
S. An element e G C is idempotent (i.e., = e holds in C) iff there exists S C (0, 1) 
such that e = es 0. The complement of S" C (0, 1) is denoted by S'^. By a G M we 
denote the element with (e)r representative. 

For {z£)e G C^^'^-*, the valuation v{z£) := sup{6 G M : \zs\ < e^, for small e} and the 
so-called sharp norm \zs\^ := e~^^^^\ For z = [{zs)^ G C, v{z) := v{zi;) G (—00,00] 
and := l^^lg G [0, +00) are defined independent of the representative of z. For 
a, 6 G M, we write a ^ b (eq., b <^ a) if a — b > a™, for some m G N (i.e., if a > 6 and 
a — 6 is invertible in M) . 

An ultra-pseudo-seminorm on a C-module ^ is a map V: Q ^ [0, +00) C M satisfying 
m [lU] P(m + v) < max{V{u),V{v)) and V{Xu) < \X\^r{u), for each u,v e Q and 
A G C. It follows that V{a''u) = \a''lV{u) = e-''V{u), Vm G ^, Vr G M. An ultra- 
pseudo-norm V on a C-module Q is an ultra-pseudo-seminorm that satisfies V{u) 7^ 0, 
Wu E Q \ {0}. A Banach C-module [7j is a complete pseudonormed C-module. Typical 
examples of Banach C-modules are Qe {E a normed C-vector space) with V: Qe C: 
V{u) = I \\ue\\ 1^ [Zl Prop. 3.4]. For u = [(Me)e] G Qe, we will denote \\u\\ := [(]|we||)e] G 
M. Similarly, for z = [(^e)^] G C, we will denote \z\ := [(|2;£|)e] G M. 
If {Q,V) is an ultra-pseudo-normed C-module, then it is in particular an ultrametric 
space with the translation invariant distance d{u,v) = V{u — v). Hence Q has a 
completion Q [16], §4]. It is easy to check that also ^ is a C-module and that the distance 
on Q is translation invariant and induced by an ultra-pseudo-norm that extends V. 
Hence ^ is a Banach C-module [7]. For ultra-pseudo-normed C-modules Qi, Q2, we 
denote by C{Qi, Q2) the set of all continuous C-linear maps Qi Q2. Further, C{Qi) '■= 
CiQuQi). 

Let A, CE,Wee (0, 1). Then the set 

[(Ae)^] := {u E Qe '■ (3 repres. (ue)£ of u){us G A^, for small e)} 

is called the internal subset of Qe with representative (Ae)^ [LQ}- For A (1 E,we denote 
A := [{A)^]. The interleaved closure [12] of a subset A of is the set 

m 

interl(yl) := { esjCLj : m G N, {Si, . . . , Sm} a partition of (0, 1), aj E A>. 
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A C is called closed under interleaving ii A = interl(y4), i.e., if VA,/i G A and 
T C (0, 1), also e^A + e^c/i G A. Internal sets are closed under interleaving. 
A subset A of Qe is called sharply bounded if sup„g^'P(M) < +00. An internal set A 
is sharply bounded iff A has a sharply bounded representative, i.e., a representative 
[(Ae)^] for which there exists M G N such that sup^g^^ < e"*^, for small e [T9| 
Lemma 2.4]. 

2.3 Invertibility w.r.t. S C (0, 1) 

The following concept was introduced in |24j : 

Definition 2.1. Let A be a C-algebra. Let u E A and S C (0, 1) with e^l 7^ (in A). 
Then u is called invertible w.r.t. S iff 

(3u G = vu = 63!) ■ 

Such V is called an inverse of u w.r.t. S. Similarly, I is a left inverse of u w.r.t. S iff 
lu = 63! and r is a right inverse of u w.r.t. S iff ur = egl. 

Lemma 2.2. Let A he a C-algebra. Let S C (0, 1) with e^l 7^ 0. 

1. Let u E A have a left and a right inverse w.r.t. S . Then for every left inverse 
I of u w.r.t. S and every right inverse r of u w.r.t. S, csl = egr is a two-sided 
inverse of u w.r.t. S. 

2. u E A is invertible w.r.t. S iff esu + csA is invertible. 

In particular, u is invertible w.r.t. S iff CsU is invertible w.r.t. S. 

3. Letui,U2 G A. Then U1U2 and U2U1 are both invertible w.r.t. S iff Ui andu2 are 
both invertible w.r.t. S. 

4. Let A be faithful and c = [(ce)^] G C. Then c is invertible w.r.t. S in C iff c 
is invertible w.r.t. S in A iff there exists m G N such that \cs\ > , for small 
eeS. 

Proof. (1) If lu = ur = e^l, then egl = l{ur) = {lu)r = csr. Hence also {esl)u = 
63! = u{esr), so csl = esr is an inverse of u w.r.t. 5*. 

(2) If uv = Csl, for some v E A, then {csu + es<:l){esv + csA) = csuv + esd = 1. 
Conversely, if (e^w + esA)v = 1, for some v E A, then multiplying by shows that 
^(csf ) = 65!, and similarly for left inverses. 

(3) If {uiU2)vi = V2{u2Ui) = Csl, then ui has a left and right inverse w.r.t. S. 
Conversely, if uiVi = e^l and U2V2 = e^l, then U1U2V2V1 = esUiVi = egl. 

(4) Clearly, if G C and cd = cs holds in C, then it also holds in A. Conversely, if c 
is not invertible w.r.t. 5* in C, then there exists T C 5* with 7^ such that cct = 
[2Sl Lemma 4.1]. So if u G ^ and cu = cs holds in A, then ct = ctCs = cctu = 
(in A, hence also in C, by faithfulness of ^), a contradiction. The second equivalence 
follows by Lemma 4.1]. □ 

We also recall that for c G C, c = iff c is not invertible w.r.t. S, for each S C (0, 1) 
with 65 7^ p3l Lemma 4.1]. 
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3 Banach C-algebras 



Definition 3.1. An ultra-pseudo-seminorm V on a C-algebra A is called submulti- 
plicative ifV{uv) < V{u)V{y), \/u,v G A. 

An ultra-pseudo-normed C-algebra A is a C-algebra that is provided with a suhmulti- 
plicative ultra-pseudo-norm V satisfying V{1) = 1. We denote by the pair {A,V) the 
algebra A provided with the ultra-pseudo-norm V. 

A Banach C-algebra A is a complete ultra-pseudo-normed C-algebra (in particular, A 
is a Banach C-module 

Typical examples of faithful Banach C-algebras are A = Qb-, where S is a Banach 
C-algebra. ^ 

We recall that two ultra-pseudo-seminorms V and V on a C-module Q are equivalent 
if there exists C g M such that V{u) < CV'{u) and V\u) < CV{u), \/u e G ^ 
Def. 4.7]. 

Lemma 3.2. Let V ^ Q be an ultra-pseudo-seminorm on a C-algebra A for which 
there exists a constant C G M such that V{uv) < CV{u)V{v), \/u,v G A. Then there 
exists an equivalent submultiplicative ultra-pseudo-seminorm V' on A with V'{1) = 1. 

Proof. We let V'{u) = sup-p(^^^^iV{uv). If f G ^ and V{v) ^ 0, then there exists 
r G M such that V{a^v^ = 1. Thus (as classically) V{uv) < V'{u)V{v), \/u,v G 
A. Further, V{uvw) < V'{u)V'{v)V{w), \/u,v,w G A, hence V\uv) < V'{u)V'{v), 
\/u,v G A. Clearly, V'{1) = 1. The equivalence of the ultra-pseudo-seminorms follows 
since P{u) < V{l)V'iu), W e A and V'{u) < CV{u), Mu e A. □ 

Proposition 3.3. Let A be a C-algebra provided with an ultra-pseudo-norm V for 
which the ring multiplication is ■: A x A ^ A is continuous. Then there exists an 
equivalent ultra-pseudo-norm V on A such that {A, V) is an ultra-pseudo-normed 
C-algebra. 

Proof. As the ring multiplication is a C-bilinear map, the continuity implies that there 
exists C G M such that V{uv) < CV{u)V{v), ^u,v G A. The result follows then by 
lemma 13.21 □ 

Proposition 3.4. Let A be an ultra-pseudo-normed C-algebra. Then the completion 
A is a Banach C-algebra. If A is faithful, then also A is faithful. 

Proof. As explained in section [21 .4 is a Banach C-module. The submultiplicativity of 
the pseudonorm V ensures that the ring multiplication can be extended to A. In this 
way, A becomes a C-algebra. By continuity, also the extended V is submultiplicative. 

□ 

Definition 3.5. Let {Q,V) be a Banach C-module. Let {uxjxeA be a family of elements 
ofQ. We say that ('Ua)aga summable if there exists v & Q such that for each r G 
there exists a finite Fq C A such that V{v — YIx^f'^^) — /^^ each finite F C A with 
Fq C F. Since v is unique with this property, ^^ga""^ 

Lemma 3.6. Let {Q,V) be a Banach C-module. 
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1. A family {ux)x(za of elements of Q is summable iff for each r G M"*", there exists 
a finite F <0 A such that for each A G A \ F, V{u\) < r. In that case: 

(a) there is a countable subset Aq such that u\ = for each A G A \ Aq. 
(f^) Saga"^ = Z1„6n"a„ for any enumeration (An)neN of Aq. 
(c) ^(EagA^a) < maxA6A'P(^iA). 

2. Let Un G Q , for each n G N. Then X^neN converges iff ('U„)„eN is summable iff 
Un 0. IfJ2neN^n convcrgcs, then J2neN'^<'{n) = J2neN^n, for each bijection 
a: N ^ N, and 'P{Y.^^^^Un) < max„gN^(^in)- 

3. Let Un,m G Q, for each n,m E N and let the family (Mn,m)n,meN be summable 
(we denote the sum of the family by Z]n,meN^"W- Then ^^gj^ ^ 

4- Let Q be a Banach C-algebra. Let Un, Vn G Q , for each n G N and let Un, Vn — > 0. 

Then ( XlneN ( SneN ^n) — J2n,m€N^riVm- 

Proof. (1) As for Banach spaces over ultrametric fields pTl Ex. 3.K]. 

(2) By the ultrametric property of V, X^neN""" converges iff {un)nm is summable. The 
other assertions follow by part 1. 

(3) By parts 1 and 2, all series involved are convergent. Further, the three expressions 

converge to limjv^oo Y.n,m<N ^n,m- 

(4) By parts 1 and 2, all series involved are convergent. As the product in Q is 
continuous, both expressions are equal to limAr^oo J2n m<N '^nVm- CH 

Lemma 3.7. Let {A,V) be a Banach C-algebra. Let u E A with V{u) < 1. Then 
V = Yl'^=o'^"' ^^ists in A and v = {1 — u)~^ . 

Proof. As for Banach C-algebras (e.g. [15, Lemma 3.L5]). □ 
Proposition 3.8. Let {A,V) be a Banach C-algebra. 

1. The set of invertible elements of A is open. 

2. Denote by Q the set of invertible elements of A. The map Q —>■ Q is 
continuous. 

3. Let S C (0, 1) with e^l 7^ and u E A with V{esu) < 1. Then 1 — u is invertible 
w.r.t. S. 

4. Let S C (0, 1) with e^l 7^ 0. Then {u E A : u invertible w.r.t. S} is open. 

Proof. (1), (2) As for Banach C-algebras (e.g. [15, Prop. 3.1.6]). 

(3) By lemma [321 1 ~ e^u = 6^(1 — m) + cgd is invertible. So by lemma [2721 1 — m is 
invertible w.r.t. S. 

(4) By lemma fITIi {u E A : u invertible w.r.t. S} = ^~^{Q), where Q is the set of 
invertible elements of A and $(m) = csu + e^cl. The result follows by part 1 and the 
continuity of $. □ 
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Lemma 3.9. Let {A,V) be a Banach C-algebra and let B A be a closed sub-C- 
algebra (with 1). Then {B,V) is a Banach C-algebra. If A is faithful, then also B is 
faithful. 

Proof. Elementary. □ 
Lemma 3.10. Let A be a faithful C-algebra. Let I < A. The following are equivalent: 

1. /nc = {0} 

2. A/ 1 is a faithful C-algebra 

3. (VS C (0, 1) with es ^ 0)ies i I) 

4- (yS C (0, 1) with es ^ 0)(/ r]{ueA:u is invertible w.r.t. S} = $). 

Proof (1) ^ (2): if A G C and Al = in A/ 1, then Al G / n C, hence Al = in A. 
As A is faithful, this implies that A = 0. 

(2) =^ (3): if there exists S C (0, 1) with eg 7^ such that G /, then e^l = in 
A/ 1, and A/ 1 is not faithful (as A is faithful, 7^ in C iff 65 7^ in ^). 

(3) =^ (4): let u G ^ be invertible w.r.t. S. Should u E I, then also 7^ G /. 

(4) (1): let A G C \ {0}. Then there exists S C (0, 1) with es ^ (also in A, as A 
is faithful) such that A is invertible w.r.t. S, so X ^ I. □ 

The following proposition is an extension of [7, 1.12]. 

Proposition 3.11. Let {A,V) be a Banach C-algebra and let I <\ A be closed. Then 
{A/I,V') is a Banach C-algebra with 

V'{u + I) = inf V{v). 

u—v^I 

If A is faithful, then A/ 1 is faithful iff I (IC = 0. 

Proof. As for Banach C-algebras (e.g., [15, Thm. 1.5.3, Prop. 3.1.8]). V'{1 + /) = 1 
by lemma [3?71 since / is a proper ideal. Faithfulness follows by lemma [3.101 □ 

The following proposition is an easy extension of [7, Props. 3.17, 3.19]: 

Proposition 3.12. Let {Qi,Vi), {02,1^2) be ultra-pseudo-normed C-modules. Then 
C{Qi,Q2) is an ultra-pseudo-normed C-module with ultra-pseudo-norm V defined by 

V{T) = mf{C G M,C > : (Vn G ^i)(P2(Tm) < CVi{u))} 

= sup V2[iu)= sup 7^2(-' = sup — —— , 

Vi(u)<l Vi{u)=l «7^0 riW 

and V2{Tu) < V{T)Vi{u), Wu e Gi. 

If 2, 1^2) is complete, then also {C{Qi,Q2),'P) is complete. 

Proposition 3.13. Let {Q,V) be a Banach C-module. Then (£(^),P) is Banach 
C-algebra. If Q is a faithful C-module, then C{Q) is a faithful C-algebra. 
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Proof. As for Banach C-algebras. If Al = in then Am = 0, Vm G ^, so A = 

in C if ^ is faithful □ 



Proposition 3.14. Let B be a (classical) Banach space and C{B) the Banach C- 
algebra of continuous C-linear operators on B. Then Qc.{B) is isomorphic with a Ba- 
nach C-subalgebra of C{Qb)- 

Proof. As C{B) is a Banach C-algebra, Qc{b) is a Banach C-algebra with ultra- 
pseudonorm V{T) = \ \\T,\\ for T = [(T,),] G GciB)- By [10, §1.1.2], G MdB) 

induces a well-defined (so-called basic) continuous C-linear map T: Qb ^ Qb^Y means 
of T{u) = [(TeUe)e], for u = [{u^)s] G Qb- Further, as in [3, Prop. 3.22], one sees that 
(Te)e G Afc(B) iff (T^)e induccs the 0-map on Qb- Hence we can identify T G Gcis) 
with an element of C{Qb)- Clearly, the algebraic operations on Qc{b) coincide with 
those on C{Gb)- We show that V{T) = Vc{gB){T)- For u G Qb, V{Tu) = |||TeMe||^|^ < 
lll^^lllelll^eLle = V{T)V{u), so Vcig^){T) < V{T). Conversely, for each e G (0,1), 
there exists G B with \\ui;\\ = 1 and HTgMjH > HTgH —e^^'^. Hence u := [(«£)£] G Qb, 
V{u) = 1 and V{T) < V{Tu) < supp(,)=i V{Tu) = P^(g,)(T). □ 

4 Spectral values 

4.1 Definition and elementary properties 

Definition 4.1. Let A be a faithful C-algebra. An element u ^ A is called strictly 
non-invertible if 

(yS C (0, 1) with cs 7^ 0)('U is not invertible w.r.t. S). 

An element A G C zs called a spectral value foru EAifu — Xis strictly non-invertible. 
The set of all spectral values of u E A is called the spectrum of u and is denoted by 
sp_4(u) (or by sp(u) if the algebra is clear from the context). 

The set of all X E C such that u — X is invertible in A is called the resolvent set of u 
and is denoted by Pa{u). 

Remark. By definition, sp('u) fl p{u) = 0. But interl(sp('u) U p{u)) ^ C in general. 
E.g., by lemma 0(4), sp(0) = {0} and p(0) = {A G C : A is invertible}. If AC is not 
generated by an idempotent (such A exists by [2]), then A ^ interl(sp(0) U p(0)). Since 
{|A| G M : A G p(0)} does not reach a minimum, p(0) is also not an internal set of C 
[111 Cor. 2.6]. 

We can motivate the definition of the spectrum by two classical examples of Banach 
C-algebras. 

Let X be a compact topological space. Since C{X) (with the sup-norm) is a commu- 
tative Banach C-algebra, Qc{x) is a faithful commutative Banach C-algebra. 

Definition 4.2. Foru = [{ue)e] G Gc{X) CL'nd x = {xe)e G X^^'^\ the point value u{x) 
is defined as [(^^(a;^))^] G C (independent of the representative {ue)s). 

Classically, for u G C(X), sp('u) = {u{x) : x G X}. 
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Proposition 4.3. Let X be a compact topological space, u = [(^^e)e] G Gc{x) O'nd 
S C (0, 1) with Cs 7^ 0. Then the following are equivalent: 

1. u is invertible w.r.t. S in Qc{x) (i-e., 3t> G Qc{x) such that uv = cs). 

2. u{x) is invertible w.r.t. S in C, for each x E X^^'^\ 

3. There exists m G N such that inf^-gx I'^el^^)! ^ for small e E S . 

4- [(infa;gx |M£(a^)|)e] is invertible w.r.t. S in C. 
Proof Let first S = (0,1). 

1^2: if uv = 1, then u{x)v{x) = 1, for each x G X^^'^\ 

2^3: supposing that the conclusion is not true, we find a decreasing sequence (£:n)neN 
tending to and Xe„ G X with \us„{x£^)\ < e^, for each n G N. Choose x^ G X, if 
e ^ {Sn ■ n G N}. Then x := (a;^)^ G but is not invertible in C by lemma 

E14). 

3^1: let Vs G C{X) with t;e(a;) = l/us{x), for small e. Since sup^gj^^ l^el^^)! ^ 
f = [{ve)e] G ^c(x) and uv = 1. 

For arbitrary S, the equivalences then follow by lemma [?!W 2). Finally, (3) -v^ (4) by 
lemma [22t4). □ 

Proposition 4.4. Let X be a compact topological space and u G Qc{x)- Then 

sp{u) = {u{x) : X G X(°'^)}. 

Proof. C: let A G sp(m). Then for each S C (0, 1) with eg 7^ 0, m — A is not invertible 
w.r.t. 5*. By proposition 14.31 [(infj-gx \ue{x) — Xs\)e] is not invertible w.r.t. S, for each 
•S* C (0,1). Hence [(inf^^gx |^£(a;) — AeD^] = in C. Choosing G X such that 
(lueixe) — \e\)e IS negligible, we find x := {xe)e G X^'^'^^ with A = u(x). 
D: let 5 C (0, 1) with 7^ and x G X^^''^\ Then u — u{x) is not invertible w.r.t. 5* 
by proposition 14. 3^ since its point value at x is not invertible w.r.t. S. □ 

Classically, for A G C'^^'', sp(A) is the set of eigenvalues of A. 

Proposition 4.5. 

1. C'^^'^ is a Banach algebra for the usual matrix operations and the ultra-pseudo- 
norm P((aij)ij=i,...,d) := maxjj=i,,„^rf \0'i,j\e- 

2. C'^^'^ ^ g^dy-ci = C{C'^) as Banach C-algebras. 
Every C-linear map —>■ is continuous. 

Proof Clearly, C'^^'^ is a C-algebra. Let (A,), G (C'^^'^)(°'i) with A, = {aij^s)i,j=i,...,d, 
for each e. Since all norms on C'^^'^ are equivalent, (Ae)e G Aic'^xd iff there exists 
N E N such that ma.Xij=i^,,,^d\(ii,j,e\ < , for small e iff {aij^s)e G TWc, for i,j = 
1, . . . ,d. Similarly, (Ae)^ G Acdxd iff (ajj^e)^ G Ac, for i,j = 1, . . . ,d. Thus the map 

Qcdxd C'^^'^: [{As)s] ^ {[{o,i,j,e)e])i,j=i,...,d is a well-defined algebraic isomorphism. It 
also preserves the ultra-pseudo-norm, since 

= I pell L = I . max |aij,^| | = max Jai^-^ = V{{[{aij^s)s])i,j=i,...,d)- 

i,j=l,...,d i,j=l,...,d 
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(Notice that | WAgr]] |^ does not depend on the chosen equivalent norm on C'^^'^.) By the 
isomorphism, C^^*^ is a Banach C-algebra and 'P((ai,j)j,j=i,...,d) is submuhiphcative. 
Let Si = (1,0,..., 0), Sd = (0,...,0,1). If /: C'^ C'^^is C-hnear, then 
f{zi, .. .,Zd) = {Yfj=i 0'ijZj)i=i,...,d, where (a^, . . . , adj) := f{6j) by C-hnearity. In par- 
ticular, f{z) = [{AsZs)e], for each z = [{ze)s] G C^, with A^z = Yfj=iO'i,j,eZj- By the 
isomorphism between C'^^'^ and Qcd-xd, (^e)e ^ A^c^xd, so (HAeH);. is moderate for the 
operator norm on C^^"^. Hence / is a so-called basic C-linear map, and therefore contin- 
uous proi §1.1.2]. Conversely, for A G C-^^^ the map C"^ ^ C'^: 5 ^ (Tfj=i aijZj)i=i,...,d 
is C-linear. This defines an algebraic isomorphism £(C'^) —>■ C^^*^. By proposition 
13.141 the £(C'^)-ultra-pseudo-norm of / coincides with | \\A^\\ |^, so the isomrophism 
also preserves the ultra-pseudo-norm. □ 

For A = {aij)ij e C^""^, detA := [{detA^)^] = Y^a^^M^) ' ' ' o-d,a{d) e C, where a runs 
over all permutations of {1, . . . , c?}. 

Proposition 4.6. Let A G C"'^'^ and S C (0, 1) with es 7^ 0. Then the following are 
equivalent: 

1. A is invertible w.r.t. S in C^^*^ 

2. (Vz e {esA~z = ^ esz = 0) 

3. detA is invertible w.r.t. S in C. 

Proof. (1) =^ (2): if csAz = 0, then by multiplying with an inverse of A w.r.t. S, 
esz = 0. 

(2) =^ (3): let B := csA + e^c. If Bz = 0, then csAz = 0, so by assumption csz = 0, 
and egcz = 0. Hence z = 0. By [TTl Lemma 1.2.41], deti? = e^detA + e^c is invertible 
in C. By lemma [221(2), detA is invertible w.r.t. 5*. 

(3) (1): let A = [(A,),] and let 6 G C with 6 ■ detA = eg. Then det A^ ^ 
for small £ G 5* by lemma [2?2l (4) . Hence A^Cs = CsA^ = detA^, for small e E S, 
where Ce is the cofactor matrix of A^. Now C := [(Ce)^] G C^^*^ is well-defined, 
since the entries of C are obtained as determinants of matrices in C('^~i)^('^^i). Hence 
csAC = csCA = 63 det A, and bcsC is an inverse of A w.r.t. S. □ 

Lemma 4.7. Let oq, ctn-i ^ C. Then there exist Xi, A„ G C such that 
p{z) := z^ + an-xz^'^ + ■ ■ ■ + a\z + oq = (;z — Ai) ■ ■ - {z — A„). The solution set in C 
of the equation p{z) = is the sharply bounded internal set (with Xj = [{Xj^s)e]) 

[({Ai,£, . . . , Xn,s})s] = interl({Ai, . . . , A^}) 

= {Aiesi H h A„e5„ : {Si, ...,Sn} is a partition of (0, 1)}. 

Proof. Fix representatives (aj,e)e of aj. For each e, let Pei^z) = z^ + an-i^£z"'~^ + ■ ■ ■ + 

ai^^2; + ao,e = {z - Xi^^) ■ --{z-Xn^^). If \XjJ > 1, then |Aj-e|" < \an^i,e\ |Aj,er~"^H h 

\ao,e\ < (|an-i,e| H h |ao,£|) lAj.eT" • So always \Xj^e\ < \an-i,s\ H h |ao,e| + 1, and 

(A,-,) G A^c. Let A,- := [(A,,,),] G C. Then p{z) = {z - Xi) ■ ■ ■ {z - A„). 

Now let z be any solution of the equation. By [23l lemma 2.3], there exists 5*1 C (0, 1) 

such that {z — Ai)e5^ = and {z — A2) ■ ■ ■ {z — Xn)esi = 0. By the same lemma, we 
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find T C (0, 1) and 5*2 := T \ 5*1 such that {z — X2)esfeT = {z — X2)es2 = and 
(2 - A3) ■ ■ ■ (2; - Xn)esieTc = (z - A3) ■ ■ ■ (z - A„)e(5^uS2)'= = 0. Inductively, we find 
a partition {Si, . . . , Sn} of (0,1) such that 2:65^- = XjCs^, for j = l,...,n. Hence 
z = z(esiH e5„) = Aies, H hA^es^. □ 

Definition 4.8. Let A G C"'^'^. Then z ^ is an eigenvector for A with eigenvalue 
\ e C iff \z\ :^ and Az = Xz. 

Proposition 4.9. Let A e C'^'"^. Then 

sp(y4) = {A G C : det(y4 — A) = 0} = {A G C : A zs an eigenvalue for A}. 

Proof. By proposition 14.61 A G sp(y4) iff A — A strictly not invertible in C^^*^ iff 
det(A — A) strictly not invertible in C iff det(yl — A) = in C. 

If z is an eigenvector for A with eigenvalue A, then for each S C (0, 1) with 7^ 0, 
esz 7^ and es{A — X)z = 0, hence A — A is strictly not invertible by proposition 14.61 
Let A = [iA^)e]- If A G C is a root of det(A - A) = 0, then by lemma (and 
its proof), there exists a representative (Ae)^ of A such that det(A£ — A^) = 0, for 
each e. Thus there exist z^ G with l^^l = 1 and A^z^ = X^z^, for each e. Then 
z := [{zs)e] G is an eigenvector for A with eigenvalue A. □ 

For many C-algebras, sp('u) can alternatively be defined by means of p{u). 

Lemma^4.10. Let K be R or C. Let A C K'^. Then {x G K"' : |x - a| > 0, Va G A} 
= {x eK'^: (V5 C (0, 1) with es ^ 0) (xeg i Aes)}- 

Proof. C: if xcs = acs, for some d E A and 65 7^ 0, then \x — d\ = \x — d\ 63^ ^ a™', 
for any m G N. 

5: if X = [(xg)^] and there exists d = [{ae)e] € A such that |x — a| ^ a", for each n G N, 
then we can find a decreasing sequence (£:„)„eN tending to with \xe„ — a^J < e^, for 
each n G N. Hence xcs = dcs for S := {e„ : n G N}. □ 

Lemma 4.11. Let {A, V) be a faithful Banach C-algebra and u E A. Let r G M, r > 

and X EC with \X\ > a^''^^^^^^^ Then X E p{u). 

Proof. By lemma 12^ 4). A is invertible in C. Since u — X = — A(l — X^^u), m — A is 
invertible by lemmaOand the fact that 'P(A-^m) < \X-^\^V{u) < |a^'^^(")+''|^P(M) = 
e"^ < 1. " n 

Theorem 4.12. Let A be a faithful C-algebra andu E A. If p{u) 7^ (e.g., by lemma 
4-li\ if A is a Banach C-algebra), then 

sp{u) = {A G C : |A - /i| > 0, V/i G p{u)} 

= {A G C : (VS C (0, 1) with es ^ 0)(Ae5 ^ piu)es)}. 

Proof. This result follows by lemma 14.101 if we show that sp(u) = {A G C : (VS* C 
(0,1) with es^O)iXes^p{u)es)}. 

C: if Acs' = pes, for some p E p{u) and S C (0, 1) with 7^ 0, then m — A is invertible 
w.r.t. S. 
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5: let A G C \ sp(m). There exists 5* C (0, 1) with eg 7^ and w E A such that 
{u — X)w = w{u — A) = 65. Let e p{u) (by assumption, p{u) 7^ 0). Then {u — [Xes + 
lies<:)){wes + {u — p)~^esc) = {u — X)wes + {u — fi){u — n)~^esc = 1, and similarly for 
the left inverse. Thus Ae^ G p{u)es- □ 

Lemma 4.13. Let A he a faithful C-algebra. 

1. If B is a sub algebra of A, then sp_4(u) C spg(u), \/u G B. 

2. Let {Ai)i^i be a chain (i.e., totally ordered for (Z) of sub-C- algebras of A. Then 
^PU6/A(«) = n ie/ sp^,(w) and Pu^^^aAu) = U ^eI PaA^), Vm G A- 

3. Let {Ai)i(zj be a family of C-algebras. Then PniG/Al"") — diei PAii'a) > ^ 

4. If I < A and A, A/ 1 are faithful, then sp_4//(M + /) C sp_4(m), Vm G A. 

Proof. Elementary. □ 
Lemma 4.14. Let A be a faithful C-algebra. Then 

1. {u E A : u is invertible} is closed under finite interleaving. 

2. {u E A : u is strictly non-invertible} is closed under finite interleaving. 

3. Let u E A. Then p{u) and sp(u) are closed under finite interleaving. 

Proof. (1) Let u, f G ^ be invertible and T C (0, 1). Then u~^eT + v~^eT<: = {ctu + 

(2) Let u,v G ^ be strictly non-invertible and T C (0, 1). Suppose ctu + ct'^v is 
invertible w.r.t. S, for some S C (0, 1) with 7^ 0. Then csCt 7^ or csCtc 7^ 0. By 
symmetry of (T, u) and (T'^, u), we may suppose that e^nT = ^s^t 7^ 0. As ctu + eycti 
is invertible w.r.t S DT, also cshtu and thus u are invertible w.r.t. 5 fl T by lemma 
12. 2[ a contradiction. 

(3) By parts 1 and 2. □ 

Lemma 4.15. Let A be a faithful Banach C-algebra and u E A. Then p{u) is open 
and sp(m) is closed (in C). 

Proof. Let A G p(m), i.e., m — A is invertible. By proposition 13.8( 1). also m — A' is 
invertible, hence A' G p('u), as soon as |A — A'l^, is sufficiently small. It follows that 
also for S' C (0, 1), {z E C : zes E p{u)es} is open. Hence sp(m) is closed by theorem 

ma □ 

Theorem 4.16. Let {A,V) be a faithful Banach C-algebra and u E A. Then \\\^ < 
VAgsp^(m). 

Proof. Let A = [(Ag)^] G C. Call r = |A|g. Let r > then in particular, r > and 

v(A) = — Inr. Let 5 G M, 5 > such that Inr — 5 > \\iV{u) + 5. By the definition of 
the valuation on C, 

(Vr^G(0,l))(3e<r/)(|A,|>5-^-'-+^). 
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So we can construct a decreasing sequence (£:„)n6N tending to with e.^^^^~^^ < |Ae„|, 
Vn e N. Call T = {&„ : G N}. Then er 7^ 0. Further, |A|eT > a-^'^'^+^eT > 
Q,-in-p(u)-(5g^^ Hence there exists fi E C with /icr = Act and /i G by lemma H. Ill 
Thus Act G p{u)eT- By theorem 14.121 A ^ sp(m). □ 

Lemma 4.17. Let A he a C-algebra. Let u^v & A and S C (0, 1) with e^l 7^ 0. Then 
1 — uv is invertible w.r.t. S iff' 1 — vu is invertible w.r.t. S. 

Proof. If 1 — Mf is invertible, then a calculation (cf. [IHl Prop. 3.2.8]) shows that 

(1 — vuy^ = v{l — uv)~^u + 1. 

Further, by lemma [2121 1 — is invertible w.r.t. S iff 65(1 — uv) + e^cl = 1 — csuv 
is invertible iff (by the first part) 1 — Csvu is invertible iff 1 — f -u is invertible w.r.t. 
S. □ 

Proposition 4.18. Let A be a faithful C-algebra. Let u,v E A. Then 

sp('Ut') n {A G C : A invertible} = sp(f'u) fl {A G C : A invertibe}. 

Proof. Let A G sp(Mf ), A invertible. So for each S C (0, 1) with 0, uv — A, hence 
also X~^uv — 1, is not invertible w.r.t. 5*. By lemma 14.171 X^^vu — 1, hence also vu — X 
is not invertible w.r.t. 5*. So A G sp(fu). □ 

4.2 Hom(^, C) and the Gelfand-Mazur theorem 

Definition 4.19. Let A be a faithful C-algebra. 
We call the functional spectrum of u E A 

fsp('u) = {m{u) G C : m G Hom(^, C)}. 

Lemma 4.20. Let A be a faithful C-algebra. Then fsp(M) C sp(m), Vm G A. 

Proof. Let u E A and A ^ sp(m). So there exists S C (0, 1) with 65 7^ and v E A 
such that (m — X)v = cs- Let m G Hom(^, C). Then m{u — X)m{v) = 7^ 0, hence 
also m{u) — X = m{u — A) 7^ 0. So A ^ fsp('u). □ 

Proposition 4.21. Let {A,V) be a faithful Banach C-algebra. Let m G Hom(^, C). 

Then \m{u)\^ < V{u), Vn G A. In particular, m is continuous. 

Proof. Follows by theorem 14.161 and lemma I4.20[ □ 

Classically, the Gelfand-Mazur theorem says that a Banach C-algebra B that is also 
a division algebra (i.e., is the only element in B that is not invertible), is necessarily 
isomorphic with C. Under the assumption that spectra of elements in A are not empty, 
we have the following analogon: 

Proposition 4.22 (Gelfand-Mazur). Let A be a faithful Banach C-algebra with sp{u) 7^ 

0, Vm E a. IfO is the only element in A that is strictly non-invertible, then ^ = C. 

Proof. As A is faithful, C C ^. Let u E A. By assumption, there exists A G sp^{u), 

1. e., M — A is strictly non-invertible in A, and thus m — A = 0. Hence ^ C C. □ 
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Definition 4.23. (cf. [24^ ) Let A be a C-algebra. Let I <A. Then I is maximal with 
respect to / n CI = {0} if I n CI = {0} and 

J <A, I C J and J nCl = {0} imply that I = J. 

The Gelfand-Mazur theorem classically implies a bijective correspondence between 
maximal ideals of a commutative Banach algebra B and non-zero multiplicative linear 
functionals on B. As motivated in [24J, the maximal ideals have to be replaced in this 
context by ideals I maximal w.r.t. / fl CI = 0. 

Lemma 4.24. Let A be a faithful Banach C-algebra. Let I < A with J fl C = {0}. 
Then 1 <A with 7 n C = {0}. 

Proof. By the continuity of the operations + and ■, it follows that / is an ideal. 
Let S C (0, 1) with ^ 0. By lemma Eini {u E A : u invertible w.r.t. S} C A\I. 
By proposition 13.81 {u E A : u invertible w.r.t. S} is open, so {u E A : u invertible 
w.r.t. ^} C \ /)° = ^\7. As S is arbitrary, again by lemmaEHl 7nC = {0}. □ 

Corollary 4.25. Let A be a faithful Banach C-algebra. Let I <i A maximal w.r.t. 
I nC = {0}. Then I is closed. 

The following theorem can be viewed as an analogue of the correspondence between 
maximal ideals of a commutative C-algebra A and quotients of A that are fields. 

Proposition 4.26. Let A be a faithful C-algebra. Let I < A. Consider the following 
statements: 

1. A/ 1 is a faithful C-algebra and is the only element in A/ 1 that is strictly 
n on- invertible 

2. I is maximal w.r.t. / fl C = {0}. 

Then (1) ^ (2). If A is commutative, then (1) <^=> (2). 

Proof. (1) ^ (2): by lemma EHUl / H C = {0}. Let J < ^ with / ^ J. Let n G J \ /. 
As M + / 7^ in A/ 1, there exists S C (0, 1) with 7^ and v E A such that 
uv + I = es + L Hence G J H C \ {0}. 

(2) ^ (1): let ^ be commutative. By lemma [3. 101 A/ 1 is faithful. Let u E A\I . By 
the maximality of /, there exists A G C \ {0} with \ E I + uA. As A 7^ 0, there exists 
S C (0, 1) with 65 7^ such that A is invertible w.r.t. 5". Hence G I + uA, i.e., there 
exists V E A with uv + I = cs + I , hence m -|- / is invertible w.r.t. S in A/ 1. □ 

Corollary 4.27. Let A be a faithful C-algebra. Let m E Hom(^, C). Then Kerm is 
an ideal maximal w.r.t. Kerm D C = {0} and sp('u) 7^ 0, for each u E Aj Kerm. 

Proof. The first assertion follows by proposition 14.261 and the fact that Aj Kerm = C. 
For the second assertion, let ■u = u + Kerm G ^/Kerm, for some u E A. Since 
M = m(M) + (u— m(M)) G m(u)-|-Ker m, u = m('u) in ^/ Ker m. Thus m(u) G sp(-u). □ 

The converse of the previous corollary is given by the following proposition: 
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Proposition 4.28. Let A be a faithful commutative Banach C-algebra. Let I < A 
be maximal w.r.t. / fl C = {0}. If sp{u) 7^ 0, Vm G A/I, then I = Kerm, for some 
m e Hom(^, C). 

Proof. By corollary 14.251 / is closed. By proposition 13.111 A/ 1 is a Banach C-algebra. 
By proposition I4.26[ A/ 1 satisfies the conditions of proposition 14.221 so A/ 1 = C. 
Hence the canonical surjection A A/ 1 induces a surjective multiplicative C-linear 
functional A ^ C with / as its kernel. □ 

Corollary 4.29. Let A be a faithful commutative Banach C-algebra. If each strictly 
non-invertible v & A is contained in an ideal I < A maximal w.r.t. / fl C = {0} with 
the property that sp{u) 7^ 0, Vm G A/ 1, then sp(f) = fsp(f), for each v & A. 

Proof. Let v ^ A and A G sp(t'). Then v — X is strictly non-invertible, so there exists 
I < A, maximal w.r.t. / fl C = {0} with the property that sp{u) 7^ 0, Vm G A/ 1 
containing v — X. By proposition 14.281 / = Kerm, for some m G Hom(^, C). Hence 
m{v — A) = 0, and A = m{v) G fsp(f). The converse inclusion follows by lemma 
KM □ 

4.3 The spectral mapping theorem 
Theorem 4.30. Let A be a faithful C-algebra and u,v & A. 

1. Let p G C[x\ be a polynomial and let p{C) = {p{X) : A G C}, for C CC. 

Then p{s\){u)) C sp(p(-u)) and piis^iu)) = fsp(p('u)). If p{X) G p{p{u)), then 
X G p{u). 

2. For C C {A G C : A zs invertible} , let = {X~^ : X G C}. If u is invertible, 
then sp{u'^) = (sp(u))~^ and fsp{u~^) = (fsp(n))^\ 

3. fsp(M + f ) C fsp(u) + fsp(f) and fsp(Mf ) C fsp(u) fsp(f ). 

Proof. (1) Let m G ^, A G C and p{x) = a„x" + ■ ■ ■ + Oq, with aj G C, Vj. Then 

p{u) - j9(A) = a„(M" - A") + ■ ■ ■ + ai(M - A), 

- X^ = {u- X){u^~^ + Xu^"^ + ■■■ + X^'^) 
= {u^-^ + Xu^-^ + ■■■ + X^-^){u - A), 

for j = 1, . . . , n, so there exists v & A such that p{u) — p(A) = {u — X)v = v{u — A). 
So if p(A) G p{p{u)), i.e., p{u) — p{X) is invertible, then also m — A is invertible, i.e., 
A G p{u). Similarly, if p(A) ^ sp{p{u)), then there exists 5* C (0, 1) with 65 7^ such 
that p{u) ~ p{X) is invertible w.r.t. S. By lemma [2l2| also m — A is invertible w.r.t. S, 
and A ^ sp(u). By contraposition, p{sp{u)) C sp{p{u)). 

(2) Let M G .4 be invertible. We show that sp{u) contains only invertible elements. 
Let A G sp(u). Suppose that A G C is not invertible. Then there exists S C (0, 1) 
with 65 7^ and Xcs = [23l Lemma 4.1]. As n — A is not invertible w.r.t. S, also 
u = u — Xcs is not invertible w.r.t. S by lemma YI7I\ a contradiction. 
Let A G C be invertible and let S C (0, 1) with 65 7^ 0. Then by lemma [2121 — A is 
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invertible w.r.t 5* iff A ^u{u ^ — A) = A ^ — u is invertible w.r.t. 5*. So for A invertible, 
A G sp(m~^) iff A~^ G sp(m). As sp{u) and sp(u^^) only contain invertible elements, 
sp(u-i) = (sp(u))"\ 

The assertions about the functional spectrum are elementary. □ 

Lemma 4.31. Let A be a faithful C-algebra, a E C, u E A and A G sp(an). Then 
A G aC (here denotes the topological closure). 

Proof. Let S C (0, 1) such that e^a = 0. Then e^A G sp{esau) = sp(0) = {0}. The 
result follows by [23, Prop. 4.3(1), Thm. 5.7(2)]. □ 

Proposition 4.32. Let A be a faithful C-algebra and u E A with sp{u) ^ 0. Let 
a EC. 

1. Let aC be closed (i.e., there exists S C (0,1) such that aC = csC JEBi Thm. 
5.7]). Then asp(M) = sp(aM). 

2. asp(M) C sp(aM) C asp(u). 

3. //sp(-u) is the intersection of a decreasing sequence of internal subsets ofC, then 
a sp('u) = sp (a-u). 

Proof. By theorem 14.301 asp(M) C sp(aM), Va G C. 

(1) Let first a = cs- Let A G sp(esu). Let fi E sp(u) arbitrary. As csu—csX, es<:U—escfi 
are strictly non- invertible, also m — (e^A + egc/i) is strictly non- invertible by lemma 
I4.14[ Hence e^A G essp{u). As egcA g sp{es<^esu) = sp(0) = {0}, A = e^A G essp{u). 
Let now aC = esC. Then there exists b E C such that ah = cs- Let A G sp(aM). 
Then e^A = abX E absp{au) C asp{abu) = asp(esu) = aessp{u) = asp(M). As 
egcA G sp^es^au) = sp(0) = {0}, A = e^A G asp(ti). 

(2) Let A G sp(aM). Let {Sn)nm be a sequence of level sets for a [23, §5]. Then 
aes„C = es„C, for each n. By part 1, es„A G sp{aes„u) = aes„ sp(m). Let /i G sp{u) 
arbitrary. Then e^^A + aes^n E a{es„ sp{u) + cs^ sp(u) C asp(M) by lemma l^?T4l By 
lemma HSU and [231 Thm. 5.7(4)], lim„^oo(e5„A + acs^fi) = A. Hence A G asp(M). 

(3) By part 2, it is sufficient to show that a sp{u) is closed. Let sp(m) = HneN ^n, where 
Cn = [{Cn,e)e] are internal and (C„)„ is decreasing. By theorem 14.161 there exists 

G N such that [A[ < , for each A G sp(m). Hence sp(m) = f]^^^[{Cn,e^ B{0, (1 + 
l/n)e'^))s], and we may assume that C„ have sharply bounded representatives. By 
^19^ 2.9], we may also assume that Cn+i,E ^ C*„,e) for each n,e. We show that then 
asp{u) = f]n^f^[{0'eCn,e)e]y and thus asp(u) is closed by [IHl 2.3]. 
Let a = [(cie)£]. If A G asp(M), then A G aC„ C [(asCn,E)e], for each n. Conversely, 
if for each n, A = [(Ae)^] = [{asCn,e)e], with c„,£ G Cn,e, then there exist e„ (w.l.o.g. 
decreasingly tending to 0) such that [A^ — aeC„,e[ < e", if e < En- Let q := Cn,e, if 
En+i < £ < £n, for each n. As Cn,e are sharply bounded, (Ce)^ G Aic and A = ac, with 
c := [{ce)e] G C. As Cn+i,e ^ Cn,e, ioT each u, E, we have c G nneN*^" = sp(u). □ 

Theorem 4.33. Let {A,V) be a faithful Banach C-algebra. Let f{z) = Xl^o'^"'^" 
with an E C and with 1/R := limsup„^oo \/|ariL < +oo. Then /(sp('u)) C sp(/('u)) 
and /(fsp(M)) = fsp(/(M)), WE A with V{u) < R. 
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Proof. Let u E A with V{u) < R. Let A G sp(u). By theorem 14.161 also \X\^ < R. 
So Y.n'^^^nU^) < Y.n\^n\eV{uY < +00, and thus by lemmaEISl f{u) = Y^n^nU^ 
converges in A. Similarly, /(A) = Xln converges in C. Then f{u) — /(A) = 
E"=o«-(«" - = E"=o«n(n - A)(m"-i + An"-2 + . . . + A"-i). As P(A"-^'-1m^) < 

\\\l-'-^V{uy < P«-l,Vj,alsO En^K(M"-' + AM--2+---+A"-l)) < Enl«nle^(«)' 

< oo. Hence there exists v E A such that /(m) — /(A) = (m — A)!! = v{u — A). As 
in theorem I4.30[ the assumption that /(A) ^ sp(/('u)) then implies that A ^ sp('u), a 
contradiction. So /(sp(-u)) C sp(/(-u)). 

Let m e Hom(^, C). By proposition 14.211 f{rn{u)) = J2n o-n'fniuY converges in C and 
since m is continuous, f{m{u)) = m{f{u)). □ 

Definition 4.34. Let A he a faithful C-algebra. The spectral radius of u E A is 

r_A{u) = sup{|A|g : A e sp(u)}. 

If the algebra is clear from the context, we simply write r{u). So by definition, r{u) G 
[0, oo] U {— cxd}. By theorem \4 ■ 1 6[ if {A,V) is a Banach algebra, r[u) < V{u). 



Proposition 4.35. Let{A,V) be a faithful Banach C-algebra. Thenr{u) < lim„^oo ^/^P{ 



Proof. Since V is submultiplicative, lim„^oo \/V{u"') exists (as in [20l Ch. VI, Problem 
11]). If A G sp(-u), then A" G sp(m)" C sp{u^) by theorem |4.30[ By theorem 14.161 
|A|" = \\% < So r{u) < Vn G N. □ 



5 Colombeau *-algebras 

Definition 5.1. A C-algebra A is called a Colombeau *-algebra if there exists a map 
*: A —>■ A ( called involution ) satisfying 

1. (Vm G A) {u** = u) 

2. (Wu, V eA) ((m + v)* = u* + V*) 

3. (Wu G A) (VA G C) ((Am)* = Am*) (where', denotes complex conjugation in C) 

4. (Wu,v G A) {(uv)* = v*u*). 

As for C-algebras, it follows that 1* = 1 (e.g., 115, %4-^])- If A is faithful, then 
sp(u*) = {A : A G sp(m)}, Vm G a. 

u E A is called self-adjoint if u* = u; unitary if uu* = u*u = 1; normal if uu* = u*u. 
A *-algebra A is called symmetric if 1 + uu* is invertible for each u E A (cf. JT^t 
2.24J). 

Lemma 5.2. Let \ e C such that X'^ eR and ^ >0. Then A G M. 

Proof. As A G C, A = a + 6i, with a, 6 G M, so A^ = — 6^ + 2abi. By assumption, 
ab = and > 6^. Hence < 6^ < a'^b^ = 0, and 6 = since is the only nilpotent 
element in M. □ 
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Lemma 5.3. For a multiplicative C-linear functional m on a Colombeau *- algebra A, 
the following are equivalent: 

1. (Wue A) {m{u*) = m{u)) 

2. (Vm E A,u self-adjoint) {m{u) G M) 

3. (Vm e A) {m{uu*) > 0). 

Proof (1) (3): m{uu*) = \m{u)\^ > 0. 

(3) => (2): if M = u*, then m{uY = m{uu*) > 0, so m{u) G M by lemma \^7I[ 
(2) =^ (1): for u & A, u = V + iw, where v = {u + u*)/2 and w = i{u* — u)/2 are 
self-adjoint. So m{v), m{w) G M. Hence m{u*) = m{v — iw) = m{v) — im{w) = 
m{v) + im{w) = m{u) . □ 

Definition 5.4. //a multiplicative C-linear functional m satisfies one of the conditions 
of the previous lemma, then m is called hermitian. 

Theorem 5.5. Let A he a faithful symmetric Colombeau *- algebra and let u E A be 
self-adjoint. Then sp(n) C M. 

Proof. Let m G ^ be self-adjoint and A G C. Write X = a-\-bi with a, 6 G M. Suppose 
that 6 7^ 0. Then there exists 5* C (0, 1) with 65 7^ such that b is invertible w.r.t. S, 
i.e., there exists c G M such that be = cs- Then 

esc^iu - X){u - A) = esc^[{u - + 6^] = es[c^(M - a)^ + 1]. 

As u = u*, also c(m — a) = (c(m — a))*, so c^(u — a)^ + 1 is invertible. Since u — X and 
u — A commute, m — A is invertible w.r.t. S by lemma Hence A ^ sp(u). □ 

Corollary 5.6. Let A be a faithful symmetric Colombeau *- algebra and m G Hom(^, C). 
Then m is hermitian. 

Proof. Let m G ^ be self-adjoint. By lemma W?IU\ and theorem l5.5l fsp(M) C sp(m) C R. 
By lemma 15.31 this means that each m G Hom(^, C) is hermitian. □ 

6 Colombeau C*-algebras 

Definition 6.1. A Colombeau C*-algebra {A,V) is a Banach C-algebra that is also 
a Colombeau *-algebra and for which 

V{u*u) = Viuf, yu G A. 

As for classical C*-algebras, this implies that V{u*) = V{u), Vu G A; hence *: A ^ A 
is continuous and the set of self-adjoint elements of A is closed. 

Proposition 6.2. Let {A,V) be a Colombeau C* -algebra. 

1. If u E A is normal, then V{u^) = 'P{u)'"' , for each G N. 

2. If u E A is unitary, then V{u) = 1 and \X\^ = 1, VA G sp(n). 
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Proof. (1) Since V is submultiplicative, s{u) := lim^^oo '^(^")^^"' exists (as in [Sni 
Ch. VI, Problem 11]) and s{u) < V{u), for each u E A. If u is self-adjoint, then 
V{u'^") = V{uy , for each n G N, hence s{u) = V{u). If u is normal, then 

s{u*u) = limP(u*"M")i/" < s{u*)s{u) = s{uY, 

n 

and = V{u*u) = s{u*u) < s{uf < V{uf, hence s{u) = V{u). The result 

follows, since s{u) < Viu^f/'' < V{u), for each neN. 

(2) Since 1 = V{1) = V{u*u) = V{uf, V{u) = V{u*) = 1. Let A G sp{u). By theorem 
KIR \\\^ < 1. As u-^ = u*, G sp(m*) by theorem 11301 hence also [A"^]^ < 1. So 
1 = |AA-i|^ < |A|^ |A-^|^ < 1, hence |A|^"^ = |A"^|^ < 1, and |A|^ =1. □ 

Corollary 6.3. Let A be a Colomheau C* -algebra. If u E A is normal and = 0, 
for some n G N, then m = 0. 

We recall the Cauchy-Schwarz inequality for C- modules |10j : 

Proposition 6.4. Let Q he a C-module provided with a C-sesquilinear map {■,■): 
Q X Q ^ C such that {u,v) = {v,u) and {u,u) > (inM.), for each u,v G Q. Then 
I (^^5 v)f < {u, u) {v, v), for each u,v E Q. 

Proof. The proof of [TUl Prop. 2.2] also holds if the scalar product (., .) does not 
necessarily satisfy {u,u) = ^ u = 0. □ 

Recall that a Hilbert C-module 7i is a C-module provided with an inner product (., .) 
satisfying the properties of proposition 16.41 together with (m, -u) = ^ m = 0, Vm G H, 
such that it is complete (and hence a Banach C-module) for the ultra-pseudo-norm 
V{u) := I a/ {u,u)\e. We also denote := ^^/Ju~u) G M. 

Definition 6.5. For a Hilbert C-module Ti, we denote BiTi) := {T G £(?i) : T has 
an adjoint}. 

It is not known if B(T-C) = CiH) (cf. the conjecture in plT, §4]). 

Proposition 6.6. Let Ti he a Hilhert C-module. Then B{l-C) is a Colomheau C*- 
algehra. 

Proof. By proposition 13.131 CiTi.) is a Banach C-algebra. If T, 5* G £(7i) have an 
adjoint, then also T-\-S, XT (A G C), TS, T* have an adjoint and BiH) is a Colombeau 
*-algebra. As for classical Hilbert spaces, by proposition 16.41 

V{Tf = sup V{Tuf = sup |||TMf|^= sup \{u,T*Tu)l 

V(u)=l V(u)=l ^ V{u)=l 

< sup V{u)V{T*Tu) < V{T*T), 

V{u)=l 

whence V{T*) = V{T) and V{T*T) = V{Tf. So if for each n G N, r„ G BiU) and 
Tn ^ T E CiTi.), then also lim„^oo £ ^(T^) exists by completeness of CiTi.). By 
continuity of (., .), T* = lim^^co^^- Thus B{n) is a C*-subalgebra of C{n). □ 
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If i? is a clasical C*-algebra, then for u = [(Me)e] G Qb, u* := [(u*)^] is well-defined and 
turns Qb into a Colombeau C*-algebra with = ||n||^ and = \\u*\\, \/u G A. 

Proposition 6.7. If H is a (classical) Hilbert space and C{H) is the C* -algebra of 
continuous C-linear operators on H , then Gc{h) is (up to isomorphism) a C* -suhalgehra 
ofCiGH). 

Proof. As C{H) is a C*-algebra, Gc(h) ^ Colombeau C*-algebra with ultra-pseudonorm 
V{T) = I llTgll 1^, for T = [(Tg)^] G Gc{h)- By proposition 13 .14^ Gc{h) is isomorphic 

with a Banach C-subalgebra of C{Qh)- The isomorphism of proposition 13.141 clearly 
also preserves the involution *. □ 



7 Counterexamples 

The following example is in contrast with the situation in commutative Banach C- 
algebras (e.g., [IHl §3.2]): 

Example 7.1. There exists M <\ Qc{[o,i]) niaximal w.r.t. M fl C = {0} and u & A : = 

Gc{[o,i])/M (which is a faithful commutative Banach C- algebra by proposition lSTTll and 
corollary 14- 25^ such that pj,{u) = C. Consequently, we also have: 

1. sp_4(u) = 0. 

2. M ^ Ker m, for each m G Hom(^c([o,i]), C). 

3. fsp^(M) = 0. 

4- fsp_4(f ) 7^ sp_4(f), for some v & A. 

Proof. Let cf) G C°°(C) with compact support and with 0(0) = 1 and (f){z) > 0, 
for each z G C. For each a = [(ae)^] G C, let Ua := [(^(^i^))^] ^ Qc{[o,i])- Let 
I <1 Qc{[o,i]) be the ideal generated by {ua : a G C}. Let u E I. As u is a finite 
^c([o,i])-linear combination of some of the Ua, it has a representative {us)e for which 
the Lebesgue measure of the support of Us is of order e. On the other hand, let 
u G C \ {0} C Qcilo,!])- Then u is invertible w.r.t. S, for some S C (0,1) with 
cs 7^ 0. For each representative (ue)^ G A^c([o,i]) there exists m E N such that 
infj;g[o,i] |^ie(a;)| > e™, for small £ G 5 by lemma [2^ Thus / fl C = {0}. By Zorn's 
lemma, there exists M < Qc{[o,i]), maximal w.r.t. M fl C = {0} with / C M. Let 
u = id+M G A where id = [(id[o,i])e] G Gc{[o,i]) and id[o,i] is the identity map on [0, 1]. 
Let A = [{Xe)s] G C. For x G [0, 1], 

< \x — Xel sup |V0(-2)| , 

zee 

so 0( ^'~'^g ) > £^ as soon as \x — A^l < and e small enough. Hence 
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for small e, and |id— + ux is invertible in Qc{[o,i]) by proposition 14.31 As u\ G M, 
there exists v G Gc([o,i]) such that (id —A) (id —A)!! = 1 modulo M. Hence m — A is 
invertible in A. Consequence 2 follows by corollary I4.27[ Consequence 3 follows by 
lemma 14.201 Hence Hom(^, C) = 0, and consequence 4 follows since fsp_4(0) = 7^ 
{0} = sp^(O). □ 

For general Colombeau C*-algebras, even if they are subalgebras of Qb (with B a 
C*-algebra), almost nothing of the classical spectral theory (e.g., [15], §4.1]) remains 
valid: 

Example 7.2. There exists a commutative C* -algebra B, a Colombeau C* -subalgebra 
A of Qb dnd a self-adjoint u E A such that 

1. sp_4(m) ^ Spg^(M). 

2. sp^(m) 2 {A g C : |A| < 

3. sp^(u) 1 i. 

4- A is not a symmetric Colombeau *- algebra. 

Proof. Let B = C([0, 1]), u = [(id)^] G Qb where id is the identity map on [0,1], 

and A = C[u]. For A G C \ [0, 1], id— A is invertible in B, hence also {u — A)^^ = 
[((id — A)^^)e] in Qb- Suppose that S C (0, 1) with eg 7^ and -u — A is invertible w.r.t. 
S in A. Then {u — X)~^es G ^ by lemma 12.21 and there exists w G C[u] such that 
\\w — {u — A)~^e5'|| < a. As w = YlJLo a-jU^ , for some m G N and aj G C, there exists a 
sequence of polynomials Pn G C[x] of degree at most m such that \\pn — (id — A)~^|| —>■ 
0. Since a finite-dimensional subspace of a Banach space is closed (e.g, [13, Cor. 1.5.4]), 
(id— A)~^ G C[x], a contradiction. Hence C\ [0,1] C sp_4(-u) \ spg^(M). The last 
assertion follows by theorem 15.51 □ 

8 The C-algebra Q*^^^ 

In spite of the counterexamples in the previous section, for some Banach subalgebras 
of Qb [B a. Banach C-algebra), the spectrum behaves to a large extent as in the 
classical theory. In this section, we briefly investigate the structure of such an algebra, 
which will provide an explanation why the spectrum in this algebra behaves well (see 
propositions 18.61 and 19.31 corollary 110.91) . 

Let X be a compact metric space. Let X := X^^'-^^/^, where {xe)s ~ (?/e)e iff 
{d{xe,ye))e ^ -Mr (this definition coincides with the definition of the internal sub- 
set K = [{K),] C i'^ when K CC R'^). Then d: X x X ^ R: d{[{x,),l[{y,),]) : = 
[{d{xe, ye)e)] is a well-defined map that extends the metric d on X and D: X x X — M: 
D{x,y) := \d{x,y)\^ defines an ultrametric on X. The corresponding topology on X 
is called sharp topology. Also the (non-Hausdorff) topology on X*^"'^^ defined by the 
corresponding pseudometric D: X^^'^^ x X^^'^^ M: -D((xe)e, (j/e)^) := \d{xe,ye)\e is 
called sharp topology. 
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Let u E Qc(x)- If u{x) = u{y) in C, for each x, y E X^^'^^ with a; ~ ?/, then u defines a 
pointwise map X — > C by means of u{x) := [(^^(xe))^] (with u = [{us)^, x = [(xe)^], 
definition independent of representatives). 

Proposition 8.1. Let X be a compact metric space and u G Gc{x)- Then the following 
are equivalent: 

1. u defines a map X — > C 

2. (Vn G N)(3m G N)(3r7„ > 0)(V£ < rj^) 

(Vx,i/ G < e'" ^ \ue{x) - uM\ < O 

3. u: X*^"'^-* — s> C zs continuous (for the sharp topologies on X'-'^'^-', resp. C) 

4- u defines a continuous map X ^ C (for the sharp topologies on X , resp. <C). 

Proof. (1) ^ (2): if (2) doesn't hold, then we can find n G N, a decreasing se- 
quence {em)mm tending to and x^^, y^^ G X such that d{xe^,ye^) < C and 
lusmi^sm) - Ue^{yem)\ > 5 for each m G N. Let = G X arbitrary for 
e G (0, 1) \ {Em ■ rn G N}. For x = (xg)^, y = {ye)e G X^^'-*^), we then have x ~ but 
u{x) ^ u{y). 

(2) =^ (3): let r G M^. For n > — Inr, we find m G N such that for x = (xg)^,?/ = 
(ye)^ G X(°'-'^\ if |(i(x,?/)|g < e"™, hence d{xe,ye) < f^™", for sufficiently small e, then 
\ue{xe) — Med/e)! < for Sufficiently small e, so \u{x) — u{y)\^ < e~" < r. 

(3) ^ (1): if X, ?/ G X(°'^) and x ~ then \d{x,y)\^ < 6,\f6 e IR+. By continuity, 
|u(x) — < r, Vr G M"*"; hence u{x) = u{y) in C. 

(1)&(3) (4), (4) (1): clear. □ 

Definition 8.2. Let X he a compact metric space. Then we denote by Q^f^x) 

all elements of Qcix) that satisfy the equivalent properties of the previous proposition. 

We call Q^i^x) algebra of sharply continuous generalized functions on X. 

Proposition 8.3. Let X be a compact metric space. Then Qfi^x) ~ fix j/exC-i) xr^y{u G 
Gc{x) '■ u{x) = u{y)} is a Banach C-subalgebra of Qc{x)- 

Proof. The equality holds by proposition 18. 1[ Hence Gf(^x) ^ closed (and thus com- 
plete) subset of Qcix), and also a sub-C-algebra of Qc{x)- CH 

Lemma 8.4. Let X be a compact metric space. For x = {xir)^, y = {ye)e G X^'^'^\ 

{u G Gcix) ■■ u{x) = u{y)} = [{{u G C(X) : u{xe) = u{ye)})e]- 

Proof Let u = [{us)s] G Qc{x) with u{x) = u{y), i.e., {ue{xs) - Ue{ys))s G A^c. Let 

ne(x) := {ue{xs) - Me(?/£)) min (l, ^^), if x^ 7^ ye and := 0, otherwise. Then 

{ns)e G A/'c(x), and u = [{us + ns)e] with {ue + ne){xe) = {ue + ne){ye), Ve. The converse 
inclusion holds by definition. □ 

This suggests the following definition: 
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Definition 8.5. Let B be a Banach C-algebra. Then A Qb is a strictly internal 
subalgebra of Qb iff A = [{A^)^] where A^ are Banach suhalgehras of B, for each e. 
Such a representative of A will he called a strict representative. 

Remark. Since [(v4e)£] = [(v4e)£] for internal subsets of Qb [13 Cor. 2.2], any A = 
[{A^)^] where A^ are subalgebras (with 1) of B, is a strictly internal subalgebra. Since 
every internal set of Qb is closed [121 Prop. 2.3], any internal subalgebra A of Qb is a 
Banach C-algebra. 

Proposition 8.6. Let X be a compact metric space. Then Qq(^x) ^'^ ^'^ intersection of 
strictly internal suhalgehras of Qc{x)- 

Proof. By proposition 18.31 and lemma 18.41 □ 



9 Strictly internal Banach C-algebras 

We now study the properties of strictly internal Banach C-algebras, as introduced in 
the previous section. 

Lemma 9.1. Let B he a Banach C-algehra and A a strictly internal suhalgehra of 
Qb with strict representative (A^)^. Let u = [{uir)^] G A with G A^, for small e. 
Let S C (0, 1) with 65 7^ 0. Then u is invertihle w.r.t. S in A iff hoth the following 
conditions hold: 

1. Ue is invertihle in A^, for small e G S; 

2. there exists G N such that \\u'^^\\ < , for small e E S. 

Proof let UV = VU = Cs, with U = [{Ue)e], V = [{Ve)e] G A. W.l.O.g., Ue,Vs G As, 

We. Let ris := UsVs — 1 G A^, foreES and = otherwise. Then (ne)^ G A/b. In 
particular, for small e E S, Wn^W < 1/2, whence (M^fe)"^ G exists, (since A^ are 
Banach C-algebras) and [[(uefe)""*^!! < ^_||^ y < 2. Then ^^(M^fg)"^ G is a right 

inverse for Us, for small e E S. Similarly, (vsUe) ^fe G is a left inverse for Ue, for 
small e E S. Hence Ue is invertible in A^, for small e E S. 

<^=: let Vs := uj^ E As, if e E S sufficiently small, and f ^ = otherwise. Then 

V := [{vs)e] G a and uv = vu = Cs- □ 

Corollary 9.2. Let B he a Banach C-algehra and A a strictly internal suhalgehra of 
Qb with strict representative (Ae)^. Let u = [{u!r)e] E A with E A^, for small e. 
Then u is strictly non-invertihle in A iff 

(Wn E N)(3rin E (0, l))(ye < rjn){us is not invertihle in A^ or \\u^^\\ > e""). 

Proof. If the conclusion does not hold, we find N E N and a decreasing sequence 
(£^n)neN tending to such that Ue„ is invertible in A^^ and \\uj^\\ < , for each 
n E N. By lemma 19. ![ u is invertible w.r.t. T := {e„ : n E N}, contradicting the 
hypotheses. 

<^=: by lemma [Hm □ 
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Proposition 9.3. Let B be a Banach C-algebra and A be an intersection of strictly 
internal subalgebras of Qb- Let u E A. 

1. Let S C (0, 1) with cs ^ 0. // -C 1 m M, then 1 — u is invertible w.r.t. S 
in A. 

2. sp^{u) c {A e C : |A| < 

Proof. (1) Let first A be strictly internal with strict representative (A^)^ and u = 
[(me)^] with Us € As, \/e. There exists m G N such that \\us\\ < 1 — e"*, for small e & S. 
Hence (1 — Ug)'^ G A^ exists and ||(1 —Ue)^^\\ < iqj^ < ^^"^j for small e E S. By 
lemma WA] 1 — m is invertible w.r.t. 5* in A. 

Now let A = Cli^j Ai, with Ai strictly internal, for each i. Let u E A. By the previous 
case, there exists an inverse Vi G Ai w.r.t. S of 1 — u. By lemma [2121 ViCs does not 
depend on i, and thus is an inverse w.r.t. 5 of 1 — m in 

(2) Let A G C with |A| ^ Then there exists S C (0, 1) with 7^ and m G N 
such that |A| > HmH + a'^cs- By lemma [221 A is invertible w.r.t. 5", say A/i = e^. 
Hence \\^u\\ 65 < (1 — a'^)es -C 1. By part 1, 1 — /im is invertible w.r.t. 5* in A. 
Hence also A — m is invertible w.r.t. S" in ^ by lemma [2121 and A ^ sp_4('u). □ 

Proposition 9.4. Let B be a Banach C-algebra and A a strictly internal subalgebra 
of Qb- Let u E A. 

1. p^{u) is the union of an increasing sequence of internal subsets of C 

2. sp_4(u) is the intersection of a decreasing sequence of internal subsets of C 

3- If C PGs(^) is internal, then C fl p^i'^A ^'^^ ^ ^ ^P^l"") ^'^^ internal. 

Proof. Let {As)e be a strict repres. of A and u = [{us)£] with Ue E A,., for small e. 

(1) For nEN, let = {A G PaA^s) : - X)-'\\ < Then UneN[(^n,.)] = 
Pa{u) by lemma [nm 

(2) For n EN, let Cn,e = sp^^K)U{A G paM) ■ U^e - \)-'\\ > ^r""}- Then 
sp_4('u) = ^^^eN[(^n.e)e] lemma [HI] and by corollary 19. 2[ 

(3) Let C = [{Cs)e]- We show that Cnp^(n) = [(C^HpA, (tte))^] and Cnsp_4(M) = [(Qn 
sp^^{ue))e]- All four sets are contained in C C pg^(u). By lemma \9A\ {u^ — Xe)^^ E B 
exist for small e, and (||(ue — Ae)~^||)e is moderate, for each [(Ag)^] in any of the four 
sets. Then the equalities follow by lemma 19.11 and corollary 19. 2[ □ 

Definition 9.5. Let B be a Banach C-algebra. Let A be a strictly internal subalgebra 
ofQs- For u E A, we define the interior spectrum of u as 

intsp_4(M) = y y [(sp^^(me))J. 

(A,), strict repr. o/ ^1 („^)^g40,i) ^^^^ ^ 

If the algebra is clear from the context, we simply write intsp('u). 

Proposition 9.6. Let B be a commutative Banach C-algebra and A a strictly internal 
subalgebra of Qb- Let u E A. Then 

intsp^(M) = y [(sPa,(m£))£], 

{Ae)^ strict rep. of A 

where [(sp^^ («£))£] is independent of the representative {ue)e of u with Ue E A^, We. 
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Proof. Let u = [(M£)e] = [{ve)e] with U£,V£ G As, We. Since spj^^{us) C sp^^(M£ — fe) + 
sp^^(t;,) C5(0,||n,-t;,||) + sp^^(t;,) [T^, 3.2.10], [(sp^^(n,)),f C [(sp^^(t;;)),]. □ 

Theorem 9.7. Let B be a Banach C-algebra and A a strictly internal subalgebra of 
Qb- Then 

1. intsp_4(u) C sp_4(m), Vn G A. 

2. intsp_4(M) C fsp_4('u) C sp_4('u), Vm G if B is commutative. 

3. intsp_4(M) 7^ 0, Vm G A. 

Proof. (1) Let A G intsp_4('u). So G sp^^(-U£), Ve, where (Ae)^ is a strict represen- 
tative of A = [(Ae)^] and u = [(Me)e] with G A^, Ve. If A ^ sp_4(m), then there 
exists S C (0, 1) with 65 7^ such that m — A is invertible w.r.t. S. By lemma 19. 
Me — Ag is invertible in A^, for small e G S*, a contradiction. 

(2) Let A G intsp_4(M). So A^ G sp^_(ue), We, where (Ae)e is a strict representa- 
tive of A = [(Ae)^] and u = [(Me)e] with Us G A^, Ve. As A^ are commuta- 
tive Banach C-algebras, there exist multiplicative C-linear functionals 7^ with 
m^iue) = Ae, Ve (e.g., [ISl 3.2.11]). As |r?7,e(i;)| < ||t>||, Wv G A^, the map m: ^ ^ C: 
m([(fe)£]) = [{ms{v£))s] is well-defined and is a multiplicative C-linear functional with 
m(l) = 1. Hence m G Hom(^, C) and m('u) = A. So intsp_4('u) C fsp_4('u). The other 
inclusion follows by lemma 14.201 

(3) Let u = [{ue)^] E A = [(^e)e] with A^ Banach C-algebras and G A^, We. Then 
there exist A^ G sp^^(Me) with |Ae| < ||Me||, We (e.g., [IHl 3.2.3]). So (Ae)e G Aic, and 
A := [{Xe)s] G intsp_4(M). □ 

Remark. It is necessary to consider only strict representatives of A in the definition of 
intsp_4(M) in order to have intsp_4(n) C sp_^{u). E.g., let B = C([0, 1]), u{x) = x + 1, 
A^ = C[x], We. By Weierstrass' approximation theorem, C[x] = C([0, 1]), so [(^42)^] = 
Qb- Hence ^ spg^(M). But G spy^^(x + 1), for each e. 

Corollary 9.8. Let B be a Banach C-algebra and A a sub-C-algebra (with 1) of Qb- 
Then sp_4(m) 7^ 0, Vm G A. 

Proof. For m G ^, 7^ intspg^(M) C spg^(n) C spj^^{u). □ 
The following is a dual statement of theorem 14.121 

Proposition 9.9. Let B be a Banach C-algebra and A an intersection of strictly 
internal subalgebras of Qb. Let u & A. Then 

Pa{u) = {A G C : (VS C (0, 1) with es ^ 0)(Ae5 i sp^(M)e5)} 
= {A G C : |A - /i| > 0, V/i G sp_4(m)}. 

Proof. The second equality follows from lemma 14.101 For the first equality: 

C: if \es = fiCs, for some /i G sp_4(m) and S C (0, 1) with cs 7^ 0, then m — A is not 

invertible w.r.t. S in A by lemma [2^ 

^: first, let A be strictly internal with strict representative (Ae)e. Let u = [(Me)e] 
with Us & As, We. Let A = [(Ae)^] G C. If m — A is not invertible in A, then by lemma 
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19.11 we can find a decreasing sequence (£:n)neN tending to such that Ue„ — Xen is not 
invertible in or \\{us„ - G N. Let S* = : n G N}. Then 

es ^ 0. Let /i G spj^^{u) {spj^^{u) 7^ by corollary I9.8p . By corollary 19.2^ it follows that 
Xes + /ie^c G sp_4(m). Hence Ae^ G sp_4(M)e5. 

Now let A = f]^^jAi with Ai strictly internal, for each i and let A G C such that 
for each S C (0,1) with 7^ 0, Xes ^ sp_4(u)es'. As sp_4.(m) C sp_4(u), also Ae^ ^ 
sp_4. (u)es' for each i. By the previous case and lemma X G C\i(^i PAii"^) = Pa{u). 

□ 

Example 9.10. Let H be an infinite- dimensional separable Hilbert space and B = 
C{H) the Banach C-algebra of continuous C-linear operators on H. Then there exists 
u = [{ue)e] = [ivs)e] G Qb with [(sp(M,)),] ^ [(sp(t;,)),], [(^(m,)),] ^ [{r{ve))e] and 

\Mu,))e]l<rgM- 

Proof. By |3j, §3.4], there exist v,Vk G B (for each A; G N) with ||t>fc — f || < e~'^, 
sp(ffc) = {0}, for each A; G N and there exists A G sp(f) with < |A| < 1. Let 
u := [{v)s] G Qb- Then there exists A G [(sp(t'))e] C sp(m) (theorem 19.71) with < 
|A| < 1. Let Ue := Vk, iil/k<e < l/{k - 1) (A; G N, A; > 1). Then - v\\ < e^^/^ 
for each e. Hence {\\u^ — v\\)e G A/r, and u = [{u^)^]- Yet [(sp(Me))£] = {0}. □ 

9.1 The spectral mapping theorem 

Lemma 9.11. Let B be a Banach C-algebra and A a strictly internal subalgebra of 
Qb- Let ui,...,Um G A (m G N^. Ifui---Um is strictly non-invertible in A, then 
there exists v G interl({ui, . . . ,«„}) that is strictly non-invertible in A. 

Proof. Let A = [{A^);,] and Uj = [(lij.e)^] with A^ closed subalgebras of B and u^^^ G 
A^, We, Vj. Let n E N. By corollary 19. 2^ Ui,£---Um,£ is not invertible in A^ or 
||(Mi_e ■ ■ ■Mm,£)~"^|| > for E < rjn- Heucc there exists j G {l,...,m} such that 
Uj^e is not invertible in A^ or \\Uj^\\ > e""/"', for e < r]n- W.l.o.g., (?]„)„ decreasingly 
tends to 0. For rjn+i < e < ?7„, let £ G Sj iff j is the smallest index with the latter 
property. Then cs^Ui + ■ — h cs^Um G interl({Mi, . . . , Mm}) is strictly non-invertible in 
^ by corollary Ell □ 

Theorem 9.12. Let B be a Banach C-algebra. Let A be the union of an increasing 
sequence of strictly internal subalgebras ofQB- Let u E A. Let p{z) G C[z\ with 1 as 
its leading coefficient. Then p{sp_^{u)) = spj^^{p{u)). 

Proof. First, let A be strictly internal. Let A G spj^{p{u)). By lemma I^Tl p{z) — A = 
{z — zi) ■ ■ ■ {z — Zm), for some zj = [{zj^e)e] £ C. By lemma 19. IH there exists 
V G interl({M — zi, . . . ,u — Zm}) that is strictly non-invertible in A. Hence there 
exists a partition {Si, . . . , Sm} of (0, 1) such that u — (65^2:1 + ■ ■ ■ + es,„Zm) is strictly 
non-invertible in ^, i.e., es^zi-\ \-es^Zm e sp_4(-u). Since ^(^1651 H hz^cs^) = X, 

X e p(sp_4(m)). 

Now let A = UriGN-^"' with {An)n£n an increasing sequence of strictly internal subal- 
gebras of Qb- Let m G N such that u G Am- Let A G sp^{p{u)). By the previous case 
and lemma sp^{p{u)) = n„>mSPA>(«)) ^ OnymPi^PAni^))- % proposition 
19. 4[ sp_4^(-u) = HfoeN^n.^' "where Cn,k ^ C are internal, for each n > m. By lemma 
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14.71 {/i G C : p{fi) = A} is internal and sharply bounded. Further, since sp_^^{u) are 
totally ordered, the family of sets consisting of {/x G C : p{fi) = A} and Cn,k {k G N, 
n > m), has the finite intersection property. Hence by saturation [T9^, Thm. 2.12], 

AGp(n sp^„(w)) =P(sp^(w))- 

The converse inclusion follows by theorem I4.30[ □ 

Proposition 9.13. Let B he a Banach C-algebra and A a strictly internal subalgebra 
of Qb- Let u E A and a G C. Then spj^{au) = aspj^{u). 

Proof. By proposition 14.321 proposition 19.41 and corollary 19.81 □ 
9.2 The spectral radius formula 

Definition 9.14. (of J2^) Let $ A C M^. Then g{A) := SM{A)/Af{A), where 

Sm{A) = G C°°(M'^)(°'i) : (V« G N'^)(V[(x,),] G A) e Mc)}, 

M{A) = {{u,\ G C°°(M'^)(°'i) : (Va G N'^) (V[(a;,),] G A) {{d''u,{xe))e G A^:)}. 

(Here V[(a;£)J G A means: for each representative (a;^)^ of an element of A.) 
The action of u = [(Me)^] G G{A) on a generalized point x = [{xs)e] E A is defined as 
u{x) := [{ue{xs))e] G C. If A is open, then u is completely determined by its action 
on generalized points, and we thus identify elements of Q{A) with particular pointwise 
maps A ^ C. 

Let be an open subset of C. Then Qh{^) is the differential algebra consisting of 
those u G QiVL) with du := \{dx + idy)u = 0. For u G QuiS^) and z E Q, we write 
u'{z) := dxu{z) = —idyu{z). Iterated derivatives are denoted by (k G N). 

Properties of analytic generalized functions on generalized domains are studied in |22j . 

Lemma 9.15. Let B be a Banach C-algebra and u G Qb- Let s G M, s < — ln(rg^('u)). 
Then {z eC ■.\z\> a^} C pg^iu). 

Proof. Let s' G M with s < s' < — ln(rg^('u)). Let /i G spg^('u). Since < rg^^^u), 
|/i| < a''. So if A G C and |A| > a', then \X - fi\ > |A| - > a' - a'' > 0. By 
proposition 19.91 A G pg^iu). □ 

Proposition 9.16. Let B be a Banach C-algebra with topological dual B' and u E Qb- 
Let R: pg^iu) Qb: i?(A) = {X-u)'^. Let s e R, s < -\n{rg^{u)). Then 
foRe Gh{{z G C : |5| > a'}), for each f eGb'- 

Proof. First, recall that / acts as a (so-called basic C-linear) pointwise map Qb ~^ 
[ini §1.1.2]. Let u = [{ue)e] and / = [{fe)e] with G B', for each e. Then {z G 
C : |z| > e"^} C pb{us), for small e, since supposing the contrary, we can construct 
z E C \ pgg{u) with \z\ > a'^ using lemma [^TT] (moderateness can be ensured, since 
\z\ < WueW, for each z E spB^'^e)), contradicting lemmalHUSl Hence R^: {z E C : \z\ > 
e"} B: Rei^z) := {z — Ue)~^ (for small e) is well-defined and [{feoR^[ze))e] = foR{z), 
for each z = [{ze)e] G C with \ze\ > e^, \/e. For each k E N, there exists N E N such 
that sup£s<|^|<£-fc Ifs o R^(z)\ < e~^, for small e, since otherwise, we can construct 
{z^)£ E A^c with Iz^l > Ve and (/^ o R^(ze))e ^ J^c- Since o R^ are analytic 
(e.g., pni Thm. VI.5]), foRE Gh{{z G C : |5| > a'}) by [22l Lemma 4.2]. □ 
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Lemma 9.17. Let B be a BanachC-algebra, u G Qb and a ^ M.'^ . //limsup„__^oQ \/l/('^")le — 
a, for each f G Gb', then limsup„_,oo \/vJvF) < a. 

Proof. Let s G M with s < — Ina. Then sup„g|^ |/(M")/Q;"'^|e < +00. Applying 
the Banach-Steinhaus theorem [3, Thm. 3.21] to the Banach C- module Qb' and the 
continuous C-linear functionals = Qb' C (for fixed s), we find 

C, G M+ such that for each n G N and / G fe, |r„(/)|^ < CsV{f). Choosing /„ G Qb' 
with = 1 and = [7, Prop. 3.23], we find < CsC-^, Vn G N. 

Hence limsup„^oo ^/V{u'^) < e^*. Letting s — — Ina, limsup„_,o^ \/V{vF) < a. □ 

Theorem 9.18. Let B be a Banach C-algebra and A a Banach sub-C-algebra of Qb- 
Letue A. Then r_^{u) = lim„^oo ^/^(m"). 

Proof. Let first A = Qb and u G Qb- Let / G Qb'- By proposition 13.121 |/(M"')|g < 
< V{f)V{uY, for each n, so limsup„^^ < V{u), and by [221 

Lemma 4.16, Thm. 4.20], 

00 

V{~z) := G G C : \~zl < 1/P(w)}). 

n=0 

Further, if < 1/P(m), then < 1, and 1/(5) = /(E^=o«"^") = 

Hence V"(5) coincides with U{z) := — u)~^) as soon as z is invertible and 

\zl < l/V{u). By propositionEIIeland [22l Lemma 4.4], U G Qh{,{z G C : a*" < |z| < 
for each m G N and s G M with s < — ln(rg^(u)). Let m G N, m — 1 > — s such 
that V G ^/^({z G C : |5| < Let G ^m(C) with = 1, if \z\ <2f 

and =0, if \z\ >j™-V2, and let W := U + xiY^U) where x ■= [{Xe)e] e ^(C). 
Then W G ^^({5 G C : |5| < a""}) C ^^({^ G C : \zl < e'}), and W = V on a 
sharp neighbourhood of 0. By [221 Thms. 4.20 and 4.24], limsup„^^ ^/|Z>W(0)|^ = 
limsup„_^o^ \/|/(tt")|e < e^"*. By lemma lom limsup^^o^ a/'P(m") < e""*. Letting 
s ^ -ln(rg^(M)), limsup^^^ < '^gs(M)- 

Now let ^ be any Banach sub-C-algebra of Qb and m G .4. By proposition I4.35[ 
r^(M) < lim„^oo < rg^(M) < ^^(m). □ 

Consequently, for m G ^s, we can drop the index in ^'^(m). 

Corollary 9.19. Let B be a Banach C-algebra. Let u,v & Qb with uv = vu. Then 
r{u + v)< r{u) + r{y) and r{uv) < r{u) r{y). 

Proof. By theorem 19. 181 and the properties of V (e.g., as in P", Cor. 3.2.10]). □ 
9.3 Stability of spectra in subalgebras 

As the path-connected components of C in the topological sense are trivial (they are 
the singletons), we use an alternative way to define a nontrivial notion: 

Definition 9.20. Let C C C. We call a,b & C ^c([o,i])-path-connected in C iff there 
exists f G ^c([o,i]) '^^^h /(O) = a, /(I) = b and f^r) G C, for each r G [0, 1](°'^). We 
call f a Qc {[0,1]) -path connecting a and b. 
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The relation a ~ 6 iff a, 6 are ^c{[o,i])-path-connected in C is an equivalence relation. 
Hence we can call the equivalence classes ^c([o,i])-path-connected components in C. 

Lemma 9.21. Let B be a Banach C-algebra and u = [(ME)e] G Qb- Let 7^ C C C he 
a sharply hounded internal set with sharply hounded representative [(Ce)^]. 

1. If C n spg^('u) = 0, then there exist M G N and S C (0, 1) with 65 7^ such that 
Us — z is invertihle in B and \\{ue — z)^^\\ < e~^^ , Ve E S,^z E Ce- 

2- If C C pggiu), then there exists M G N and Eq G (0,1) such that — z is 
invertihle in B and ||('Ue — zY^\\ < e~^'^ , Ve: < Eq, \/z E Cs. 

Proof (1) Suppose that (Vm G N)(3£:m G (0, 1)) (Ve < {3z E Ce) [ue - z is not 
invertihle in B or \\{ue — z)^^\\ > e^"^). Then we can construct z E C such that u — z 
is strictly not invertihle in by lemma [Hill 

(2) Similar. □ 

Proposition 9.22. Let B he a Banach C-algehra and A a strictly internal suhalgehra 
of Qb- Let u E A. 

1. Let X, fi he Qci[o,i])-pC''th- connected in C\spg^{u) . If X E Pa{u), then jj, ^ sp_4('u). 

2. Let A,/i he Qc{[o,i])-p(ith-connected in pg^iu). Then X E sp_4(m) iff p E sp_4(m). 

Proof. (1) Let {Ae)£ be a strict representative of A and u = [{ue)e] with Ue E A^, 
We. Let / = [ife)e] G Qci[o,i]) be a ^c{[o,i])-path in C \ spg^(u) connecting A = /(O) 
and p = /(I). Applying lemma 19.211 to the internal set /([0, 1]'^°'^-') with sharply 
bounded representative [(/e([0, l]))e], we find M E N and S C (0, 1) with 65 7^ such 
that \\{ue - feit)y^\\ < E-^"^, ye E S and t E [0,1]. Let A G p^(m). By lemma EH 
(■Ug — fe{0))^^ E As, for small e E S. Suppose p E sp_4('u). By the same lemma, 
(■Ug — /£(1))^^ ^ As, for small e E S. Hence for small e E S, t^ ■= sup{t G [0, 1] : 
(us - feit))-^ E As} exists. Let := 0, if e ^ S. Then r := [(t,),] G [0, if ''I By 
continuity of fe, we find with \ fe{ti,e) - fs{te)\ < and [ue - fs{ti,e)y^ G A^ 
and t2,s with |/e(t2,e) - < e^/' and {u, - fe{t2,e))~^ i A,, for small e E S. 

Then /(r) = [(/e(ti,e))e] = [{f eit2,e)) e] and u — f{T) would be both invertihle and not 
invertihle w.r.t. S by lemma [^TTl 

(2) Similar. □ 

Proposition 9.23. Let B he a Banach 'C-algehra and A an intersection of strictly 
internal suhalgehras of Qb- Let u E A such that spg^('u) C M. Then sp_4(m) = spg^(M) 
and Pj^{u) = pg^iu). 

Proof First, let A be strictly internal. Let A = [{Xs)s] G C \ spg^iu). Let M G N 
such that {5 G C : 1^1 > a~^^} C pj[{u). If the imaginary part of A^ > 0, let 
fe{t) = Xe + e-^Hi. Othemise, let = A, -e'^tz. Then / := [(/,),] G e?c([o,i]) and 
/([0, 1]^°'^^) C {A}UC\M C C\spg^{u). Hence A, /(I) are ^c([o,i])-path-connected in 
C\spg^{u) and /(I) G Pa{u), since |/(1)| > a~'^'^ . By proposition [9l22l A G C\sp_4('u). 
By proposition 19. 9[ also Pa{u) = Pg^iu). 

If ^ = f^jgy^ Ai, with Ai strictly internal subalgebras of Qb, then p^iu) = Cl^^zj PaX'^) = 
Pggiu) by lemma mini By theorem 14.12^ also sp_4('u) = spg^('u). □ 
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10 Strictly internal C*-algebras 



Lemma 10.1. Let B be a *-algebra and A = [(^e)^] an internal subalgebra ofQs such 
that are *-subalgebras of B, Ve. 

1. Let u & A be self-adjoint. Then there exists a representative {us)£ of u with 
Ue e As self-adjoint, We. 

2. The set of all self-adjoint elements of A is internal. 

Proof (1) Let u = with G A„ Ve. Then u = with G A, 

self-adjoint, Ve:. 

(2) By part (1), {ueA:u = u*}= [{{u E A, : u, = m^}),]. □ 

There exists no analogue for normal elements of the previous lemma: 

Example 10.2. Let C{H) be the C* -algebra of continuous C-linear operators on a 
separable Hilbert space H . Then there exist self-adjoint u, v E Qc(h) that commute, 
but such that no representatives {ue)s of u and (f£)e of v satisfy u^Vi; = fgWe, Ve. 

Proof. Let {ek)k>i be an orthonormal basis of H. Consider the weighted shifts Sn{ck) ■ = 
min(fc/n, l)efc+i. Then \\Sn\\ < 1 and \\SnS* — S^Sn\\ = ^/n^, for each n. Let 
An = ReS'n, Bn = ImS'„. Let := A^^-i/e-^ and := B^^-i/^-^, for each e G (0, 1). 
Then u := [(Me)^], v := [{vs)^] G QciH) are self-adjoint and u + iv is normal. Hence m, v 
commute. In [3], it is shown that there are no B'^ G C{H) which commute and such 
that lim„^oo \\An — + ||-B„ — = 0. It follows that for any (m^);;, {v's)s £ -M-ciH), 
if u'^v's = v'^u's, We, then lim^^o ||'"e — + \\vs — v'^W ^ 0. In particular, u ^ [(We)e] or 

Corollary 10.3. Let C{H) be the C* -algebra of continuous 'C-linear operators on 
a separable Hilbert space H . Then there exists a normal w G Qc{h) such that no 
representative {we)e of w satisfies WsW* = w*We, We. 

Proof. Let w = u -\- iv with u, v as in the previous example. □ 

Definition 10.4. Let B be a Banach C-algebra. Let A be a strictly internal subalgebra 
ofQs- Let u,v E A. If there exist a strict representative (Ae)e of A and representatives 
{us)e of u and {vs)e ofv such that Us, Vg G A^ and UgV^ = VgUg, We, then we say that u, 
V commute strictly in A. We will refer to {ui;)^, ('ye)e as commuting representatives 
ofu, V. 

Let B be a *-algebra. Let A be a strictly internal subalgebra of Qb- If A has a 
strict representative {Afr)f. and u E A has a representative {ue)e with G and 
UeU* = u*Ue, We, then we call u strictly normal in A. We will refer to {ue)e cls a 
normal representative of u. 

Theorem 10.5. Let B be a C* -algebra. Let A be a strictly internal subalgebra of 
Qb. Let u E A be strictly normal in A. Then sp_4('u) = intsp_4('u) = [(sp^^(Me))e] for 
each strict representative (Ae)e of A and normal representative {ug)^ ofu in A with 
Ue E Ag, for each e. In particular, sp_4('u) is internal. 
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Proof. By theorem 19.71 it is sufficient to show that sp_4(m) C [(sp^^(ue))e]. So let 
A = [(A,),] G C\ [{sp^^{ue))e]. By [19, Prop. 2.1], {d{X„sp^^{ue)))e 4- A/m- So 
there exist m G N and S C (0,1) with 65 7^ such that (i(Ae,sp^ (""e)) > ^"^^ 
Ve G ^. By Thm. 3.3.5], c?(A„sp^^K)) = l/r((M, - A,)-i) = 1/ |f(M, - A,)-i, 
since {u^ - G is normal, Ve G S". Hence \{u^ - Ae)~^|| < e"'", Ve G S". By 

lemma [9]T1 m — A is invertible w.r.t. S in and A G C \ sp_4('u). □ 

Remark. In the previous theorem, u* & Qb need not belong to A. (In fact, if, instead 
of Us normal, Ve, (l^^^f^ixyJy)^ is moderate, then also sp_4(u) = [(sp^^(M£))e].) 
By theorem 14.301 we obtain: 

Corollary 10.6. Let B be a commutative C* -algebra. Let A be a strictly internal 
subalgebra oJQb- Letu,v G A. Thensp^{u) = fsp_4('u), sp_4('U + f) C sp_4(m) + sp_4(w) 
and sp_4(Mf) C sp_4(m) sp_4(f ). 

Proposition 10.7. Let B be a C* -algebra and A a strictly internal subalgebra of Qb- 

1. If u E Qb is normal, then r{u) = V{u). If u E A is strictly normal in Qb, then 
max{|A| : A G sp_4('u)} = \\u\\. 

2. If u E A is unitary, then = 1 and |A| = 1, VA G sp_4(m). 

3. If u E A is self-adjoint, then sp_4(u) C {A G M : — ||n|| < A < ||n||} and there 
exists S C (0, 1) such that (e^ — e^c) g sp_4(m). 

4. Every m G Hom(^, C) is hermitian. 

Proof. (1) The ffist assertion follows by proposition 16.21 and theorem 19. 181 the second 
assertion by proposition 19.31 and by the fact that [(sp^(ne))e] C spg^(M) C sp_4(u). 

(2) Since = \\uu*\\ = 1 in M and > 0, we find = 1. Let A G spj^{u). 
By proposition 19. 3^ |A| < 1. By theorem 14. 30^ A~^ G sp(M~^) = sp(M*), hence also 
|A-i| < 1, i.e., |A| > 1. 

(3) Let f{z) = e*^ = X]^o(^'")"/''^'- -^^ theorem |4.33[ f{u) exists, for m G ^ with 
vlu) < 1 and /(sp(m)) C sp(/(m)). Now f{u)* = Er=o(-^«)"/^' = e"'" if u is 
self-adjoint. By multiplication of the power series, it follows that f{u) is unitary. Let 
A = [(Ae)^] = n + iv G sp(m). By the convergence of power series, since |A|^ < 1, 
En=o(^^)"/^' = [(e'^Oe] =: e'^- % part 2, 1 = \e'^\ = e-". Hence also = 1. Since 
1 = 6=^^^ > 1 ± I/, z/ = and A G i. If Viu) > 1, then P(Ma™) < 1 for some m G N. 
Hence sp(u) = a~"^ sp{ua"^) C M. The first assertion follows by proposition 19. 3[ By 
lemma fTOTTl there exists S C (0, 1) with (e^ — egc) g intspg^('u) C sp_4('u). 

(4) If M G ^ is self-adjoint, then fsp_4(M) C sp_4('u) C M by part (3). The result follows 
by lemma [^7S1 □ 

Theorem 10.8. Let B be a C*-algebra and A an intersection of strictly internal 
subalgebras of Qb- Let u,u* G A. Then sp_4(u) = spg^i^u) and pa{u) = pg^(u). 

Proof. By proposition fTITTt spg^{uu*) C M. By proposition [^72H| pj^{uu*) = pg^^uu*). 
First, let u be invertible in Qb with inverse v E Qb- Then also {uu*)~^ = v*v G Qb, so 
G pggiuu*) = Pa{uu*). Hence uu* is invertible in A. By unicity of inverses, v*v G A- 
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Then also v = u*v*v G A, and u is invertible in A. 

Now let A G Pgg{u). Since u — X, {u — A)* G A, the previous reasoning shows that 
A G Pa{u). Hence Pa{u) = pg^iu). By theorem 14. 121 also sp_4(u) = spg^(M). □ 

By proposition 14.41 proposition 18.61 and theorem 110.81 we obtain: 

Corollary 10.9. Let X he a compact metric space. Let u G Qf(^xy Then sp(u) = 
{u{x) : X G X}. 

10.1 Order structure 

Definition 10.10. Let A he a faithful Colomheau C* -algehra and u & A. Then u is 
positive (notation: u>0) ifu is self-adjoint andspj^^{u) C [0, cx))~ = {A G M : A > 0}. 
We denote A'^ := {u e A : u > 0}. 

Example 17.21 shows that u*u need not be positive, for an element m of a general 
Colombeau C*-subalgebra of Qb {B a C*-algebra). 

Let i? be a C*-algebra. For an intersection of strictly internal Colombeau C*-subalgebras 
A of Gb, ^+ = n ^ by theorem [inSl 

Lemma 10.11. Let B he a C* -algehra and let A = [(^E)e] he a strictly internal 
suhalgehra of Qb with the property that Air is a C*-algehra, Ve. Let u E A. Then 
u G A'^ iff there exists a representative {ue)s of u with Ue G A'^ , \/e. 

Proof. by lemma [TO. 11 there exists a representative (ue)e with G and Us = u*, 
We. By theorem 110.51 [(sp(Me))e] = sp(u) C [0, oo)^. Since sp(Me) C M, \/e, we can find 
a negligible net of real constants (ae)^ such that sp(ue + as) C [0, oo), We. 
^: by theoremlinSl sp(m) = [(sp(mJ)^] C [([0, oo))^] = [0, oo)~. □ 

Proposition 10.12. Let B he a C* -algehra and A = Qb- Then 

1. A'^ = {v E A: V = V* and ||f — ||t>|| || < ||f ||}. In particular, A'^ is closed. 

2. Ifue A'^ and A G M with A > 0, then Xu e A'^ . 

3. Ifu,ve A'^, then u v e A'^ . 

4. If u, —u G A'^ , then m = 0. 

5. If u E A^ is invertihle, then also G A^ . 

Proof. As for classical C*-algebras [15, 4.2.1-4.2.2], using proposition 110.71 for parts 1 
and 4, proposition 19.131 for part 2 and theorem 14.301 for part 5. □ 

Lemma 10.13. Let B he a C* -algehra. Let u,v E Qb he self-adjoint. Then \\uvu\\ < 
\\vu'^\\. 

Proof. By lemma [TO. 11 there exist representatives (Me)^ of u and (fe)^ of v with u^, G 
B self-adjoint. We. Then llwei^eMeU = rB{ueVeUs) = rBiv^uf) < \\vsul\\, We (e.g., [TH 
Prop. 3.2.8]). □ 
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Proposition 10.14. Let B be a C* -algebra and let A be an intersection of strictly 
internal subalgebras Ai = [{Ai^^)^] (i G I) of Qb with Ai^^ a C* -algebra, Vi, e. Then: 

1. If u E A'^ , then there exists a unique v G A^ such that u = v"^ . 

2. ^+ = {u*u -.ueA}. 

3. Ifue A'^, V e A, then v*uv G 

Proof. First, let A = [{A^)ir] C be strictly internal with a C*-algebra, We. 

(1, existence): let u = [(Me)e]- By lemma IIU.IH w.l.o.g. G We. By the 

classical theory, there exist Ve G Af with Ue = and \\ve\\ = \J\\ue\\, We. Hence 

V := [{vi;)e] G Qb, u = v'^ and by lemma fTO. Ill v G A'^ . 
(2, C); by part 1 (existence). 

(2, 3): let u = [{u^)s] G A with Us G A^, We. Then (m*^^)^ is a normal representative 
of u*u. Hence by theorem [TU31 sp{u*u) = [(sp(u*Ue))] C [([0, cx)))^] = [0, oo)~. 
(3) By part 1 (existence), there exists w G A'^ with u = w^. Then v*uv = {wv)*{wv) G 
^+ by part 2. 

(1, unicity): Let first u be invertible in Let v,w & A'^ with = w'^ = u. By part 
1 (existence), there exists x G with w = x^. Then also v,w,x are invertible in A 
and G Further, ||t>w~^||^ = || (t'w~^)*t>w~^|| = ||w~^t>^w~-^|| = 1. By 

lemma [10.131 ||a;^"'"i;a;^"'"|| < ||f (a;^"^)^|| = = 1. Hence 1 — x~^vx^^ G A'^ . By 

part 3, also x{l — x~^vx~^)x = w ~ v E A'^. By symmetry, also v — w E A'^. Hence 

V = w hj proposition 110.12^ 5). We denote the unique v by ^/u. 

Now let u G A'^ arbitrary. By multiplying with a" (for a suitable a G M), we may 
assume that < 1/2. Let v G A^ with u = . Since sp_4(M + a") = a" + s^j^{u), 
G PaK^ ^ ct") by proposition 19.91 for n G N. Hence ^Ju + a" is uniquely deter- 
mined by the previous case. Let v = [{vs)e] with Vs G We. Then v^-u + a" = 
[(a/w J + £")e], for 72 G N. For small e, \\vs\\ < 1, so by the classical theory (e.g., [T5l 

Thm. 4.1.6]), llv^^Te^-t^.ll =r(y^tTi^-t;,) = sup,g,p(,^)c[o,i] + 

max(sup^2g[o,en] Vf^ + g", sup^2g[gn^i]^^g[o^gn] 2^^l_^J ) = V2i". Hence f = lim„^oo + 
and V is uniquely determined. 

Now let A = Cli^jAi with Ai = [(^i,e)e] and Ai^^ a C*-algebra, Vi, e. 

(1) Let ^/u denote the unique element in such that u = ^Ju" . By the previous case, 

a/u G Ai, for each i. Hence ^Ju E A^Q% = A^ . Any element v G ^+ with u = 

also belongs to so equals -Ju by unicity in 

(2, D): let m G ^. By the previous case, u*u G ^ fl = A^ . 

(2, C) and (3) now follow as in the previous case. □ 

Corollary 10.15. Let B be a C* -algebra. If A is an intersection of strictly internal 
Colombeau C* -subalgebras of Qb, then A is symmetric. 

Proof. Let u E A. By theorem 1 1 . 8 1 and proposition 110. l4t u*u G ACiQ^ = A'^. Hence 
— 1 G Pa{u*u) by proposition 19.91 □ 

10.2 Positive linear functionals 

Definition 10.16. Let A be a faithful Colombeau C* -algebra. Let f : A ^ C be a 

C-linear functional. Then f is called positive if f{u) > (in M^, for each u G A'^ . If 
additionally /(I) = 1, then f is called a state. 
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Clearly, if A'^ = {u*u : u G A}, then / is positive iff f{u*u) > 0, for each u E A. 

Proposition 10.17. Let A be a faithful Colombeau C* -algebra with A'^ = {u*u : u G 
A}. Let f be a positive C-linear functional on A. Then 



1. f{u*) = f{u), for each u e A. 

2. \f{v*u)f < f{u*u)f{v*v), for each u^v E A. 

Proof. (1) Since f{{u + + 1)) G M, it follows that f{u) + f{u*) G M, hence 

\mf{u) + \mf{u*) =0. Since + + G M, it follows that G M, 
hence Re/(M) - Re/(M*) = 0. 

(2) By part 1, {u^v) := f{v*u) defines a C-sesquilinear map on the C-module A 
with (m, w) = {v^u) and {u,u) > (in M), for each u,v E A. The result follows by 
proposition 16.41 □ 

We recall the following fact about M [101 Lemma 2.19]: 

Lemma 10.18. Let a, 6, c G M with a,b,c> 0. If b < a and ab < ac then b < c. 

Proposition 10.19. Let B be a C* -algebra and let A = [{A^)^] be a strictly internal 
subalgebra of Qb with the property that is a C* -algebra, Ve. Let f be a 'C-linear 
functional on A. Then f is positive iff f{l) > (in M.) and \f{u)\ < /(I) \/u E A 
(in particular, f is continuous, cf. [W[ Prop. 1.7]). 

Proof ^: by propositions [JOH and [101171(2), with v = 1, \f{u)f < f{l)f{u*u), 
Vn G A. Further, for u E A, \\u*u\\ — u*u is self-adjoint and sp(||m*m|| — u*u) = 
\\u*u\\ — sp{u*u) C [0, oo)~ by proposition 110.71 Hence /(||n*n|| — u*u) > 0, and 
f{u*u) < /(I) \\u*u\\. Thus \f{u)\^ < /(1)2 \\u\\\ and \f{u)\ < /(I) \\u\\ (since ^ is 

well-defined on {x G M : s > 0}). 

<^=: let first m G ^ be self-adjoint. We show that f{u) G M. Let f{u) = a + i(3, 
a,/? G i. Let v := t - iu, t E Then = \\v*v\\ = + < t^ + \\uf and 
|/(^;)|^ = |t/(l) - tfiu)f = t'f(lY + 2tf{l)P + a' + p\ Hence /(l)^ \\vf < fm^ + 

fiirwuf < \f{v)f ~2tf{i)(3 + fiifwuf < f{ir\\vf-2tf{i)[3 + f{ir\\u\\\ 

and 2tf{l)/3 < f{lf\\uf. Choosing t = a-"sgn(/3) (n G N), we find 2/(1) \/3\ < 
/(l)2||Mf a". Since \p\ < \f{u)\ < /(I) < a-^f{l), for some iV G N, we can 
apply lemma [10. 181 and obtain 2 < /(I) a". As n is arbitrary, /5 = 0. 
Now let u G A+. Since /(||m|| - m) G M, /(m) = /(I) - /(||m|| - u) > /(I) - 
/(I) II - -uII > by proposition [mKl). □ 



Proposition 10.20. Let B be a C* -algebra. Let A be a Colombeau C* -subalgebra of 
Qb- Let u E A. Then there exists a state s on A with s{u*u) = \\u 



|2 



Proof. Let u = [(Mg)^]. By the classical theory, there exist states on B with 
Se(M*Me) = V^. Siucc |s£(f)| < Ijfll^, for each V E B, {s^)s defines a basic 

C-linear functional [lOl §1.1.2] s on Qb, with s(l) = 1, s{u*u) = \\u\f and \s{v)\ < \\v\\, 
E Qb- By proposition 110.191 s is a state on Qb, and the restriction of s to .4 is a 
state on A. □ 
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We could now proceed to prove an analogue of the Gelfand-Neumark theorem (e.g., [T5l 
Thm. 4.5.6]) for Colombeau C*-subalgebras of Qb {B a classical C*-algebra) along the 
lines of the classical proof and show that such an algebra is isomorphic (as a Colombeau 
C*-algebra) with a Colombeau C*-subalgebra of Biji), for some Hilbert C-module TC. 
It is easier to obtain this result using the classical Gelfand-Neumark theorem on the 
representatives: 

Proposition 10.21. Let B be a C* -algebra and let A be a Colombeau C* -subalgebra 
of Qb- Then A is isomorphic (as a Colombeau C*-algebra) with a Colombeau C*- 
subalgebra ofQ^^n) (hence, in particular, of B{Qh)), for some Hilbert space H. 

Proof. By the classical Gelfand-Neumark theorem, there exists a Hilbert space H and 
an isometric ^-isomorphism T: B —>■ C{H). By (TUl 1.1.2], T defines a so-called basic 
(hence continuous) C-linear map Qb — >■ Qc(h) by means of T{\{us)s]) := [{T{us))e]- By 
proposition [6?71 Qc{h) is a Colombeau C*-subalgebra of B{Qh) and it is straightforward 
to check that T is an isometric *-morphism. In particular, this also holds for the 
restriction of T to ^. □ 
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